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1 Abstract

Increased vehicle noise regulations and driver sensitiveness to cabin acoustic comfort paved
a way for the development of advanced measurement techniques for the automobile indus-
try. Vibroacoustic phenomenon must first be understood to achieve noise reduction goals.
The process begins with the localization of noise sources, which is then linked to the phe-
nomena that cause them. Noise control measures can be cumbersome if they are based on
trial and error strategies in which each component is isolated to calculate its individual con-
tribution to the total sound power. Most of the conventional spectral based Noise Source
Identification (NSI) techniques are efficient only under the premise of having the knowl-
edge of dynamics of the system under investigation and probable location of noise sources.
Therefore, with the advent of the powerful data acquisition systems and advancement in the
area of digital signal processing, over the past decades several authors proposed multiple
signal analysis methods to troubleshoot the unwanted acoustic phenomenon. Henceforth,
the report reviews several of these strategies that particularly address Sound Source Local-
ization (SSL) based on statistical source separation methods, order tracking and acoustic
imaging.

Keywords: Source separation, Order tracking, Acoustic imaging, Automotive
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2 Introduction

With the ever increase in the urbanization and growing demand for mobility, air pollution
and environmental noise have emerged as a pervasive problem causing significant adverse
effects on health and climate [2, 3]. Due to the complexities posed by these dangerous envi-
ronmental threats, as well as the goal of achieving a zero-carbon footprint and reduced fuel
usage, governments are enacting a slew of new regulations and policies to improve human
well-being. These increasingly strict regulations have pushed automakers to develop Bat-
tery Electric Vehicles (BEVs).

The electric dream posses both the challenges and opportunities to the auto - industries.
Controlling noise from distributed sources is one of the major challenges. In 2011, Greg
Goetchius [4], provided an overview of contribution of noise sources in BEVs, stating that
tire and wind noise are the most significant contributors, followed by powertrain noise,
in contrast to Internal Combustion Engine (ICE) where powertrain noise accounts for ap-
proximately 50 %. Aside from that, the increased noise contribution from ancillary systems
such as pumps, cooling fans, HVAC compressors, inverters, air compressors, and so on is
eye-opening. In the ICE vehicles, the engine is the dominant sound source constituting com-
bustion and mechanical noise, often masks the noise radiated from these ancillary systems.
Whereas in BEVs, the absence of engine drastically changes the acoustic signature making
the component noises audible and predominant. In addition to the changes in the variation
of the dominant noise sources of BEVs, the decrease in the overall component mass and
likeliness of using light weight structures would certainly exhibit higher noise level. There-
fore, adapting the conventional vehicle platform to an electric powertrain and its accessories
is one of the major challenges. In order to tackle this challenge vibroacoustic source iden-
tification and transfer path analysis are necessary to help evaluate the Noise, Vibration &
Harshness (NVH) properties.

Experimental techniques are most preferred approach in evaluating the NVH properties
in automobile and industrial machines. These techniques are broadly classified into two
branches. One of them characterizes the dynamic properties of the machine and usually
demands an external excitation. Bump test , modal analysis are few of the measurement
techniques which come under this classification. On the one hand, the second classifica-
tion aims at understanding the global characteristics of the machine under the operating
excitation using the measured response signals. This is further categorized into numerous
subgroups of which three of them are discussed in this report,

• Statistical Source Separation : attempts to separate sources with different statistical
properties (uncorrelated, independent, maximum kurtosis, maximally cyclostationary,
etc)

• Order Tracking : separation in the order domain, has an ability to extract orders, which
are multiples of the shaft rotational frequency, investigate critical frequencies, tonal,
broadband, or narrowband components

• Acoustic Imaging : aims at spatial separation of sources
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The following sections provides an overview of the above mentioned signal processing tech-
niques both mathematically and in an engineering approach addressing automotive con-
cerns.

3 The Source Separation Problem

The characterization of sound sources is a common problem in acoustics. This characteriza-
tion aims to localize, identify, and rank sound sources. When this characterization process
results in a map of the source field of interest, it is often called acoustic imaging. The two
main branches of acoustic imaging are: the beamforming techniques and the inverse prob-
lem techniques [5]. If the contributions from multiple incoherent sources overlap in both
space and frequency, sources can be hardly identified by acoustic imaging [6]. Hence, statis-
tical source separation techniques (such as; the method of references, and the blind source
separation) are employed to decompose such composite fields prior to backpropagation.
These source separation techniques is briefly reviewed in the following two sections.

4 The Method of References

If a pure set of reference signals can be measured to represent the incoherent sources of in-
terest, source separation can be achieved. The number of these references must be at least
equal to the number of incoherent sources (the over-determined case) in the system to be
sufficient for source separation [7]. To the best of my knowledge, Hald [8] was the first to
introduce the use of references (at least in the context of the (Near-field Acoustical Hologra-
phy (NAH)). Multiple Coherence can be used to evaluate the adequacy of the number of the
used references to represent the field [9].

4.1 The Over-determined Case

In practice the reference signals are likely to be correlated because they are usually used
in numbers more than the sources (over-determined), what causes the traditional multiple
coherence formula to be inapplicable [10]. This was solved in literature by two ways; the
first was the Conditioned Spectral Analyis technique [10], and the second was the Virtual
Sources Analysis technique [11]. These two techniques enabled the decomposition of the
correlated Multiple Input Multiple Output (MIMO) system into an equivalent set of uncor-
related Single Input Multiple Output (SIMO) systems that can be then quadratically super-
imposed [12].
In the Conditioned Spectral Analyis, also called the Partial Coherence technique, a recur-
sive procedure is used to generate de-correlated spectra from which the contributions of
an ordered set of reference spectra are successively removed. The main difficulty facing
such technique is the absence of a solid basis for the required ordering operation. Some
researchers has proposed some ordering strategies and criteria such as in [10, 13], but in
practice no specific ordering strategy is guaranteed to work in a specific situation.
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This lack of robustness led to the development of the virtual source analysis technique which
was basically based on the principal component analysis of the references cross-spectral ma-
trix, and then performing eigenvalues truncation to reduce its rank, in order to produce a
set of virtual uncorrelated references with a rank equal to the number of important sources
(the sources of interest). However, for this technique to be useful, the stochastic dimension
(The number of important sources) of the field should be known beforehand, or one may
end up loosing information concerning a source of interest. Another problem to this kind of
techniques is the resultant virtual references lack physical significance, i.e. they can not be
attributed to specific physical phenomena.
Leclère et al. [14] decided on the significance of a partial (or virtual) reference based on its
degree of coherency with the output. Hence, they introduced the so called Threshold Mul-
tiple Coherence which is the summation of the individual partial (or virtual) coherences,
conditioned to their significance. The significance of a reference’s coherence with the out-
put is judged using a predefined threshold. The limitation of this method is that it is only
formulated for Single Input Single Output (MISO) systems.

4.2 The Under-determined Case (The cyclic Wiener Filter)

When the reference-based method is applied to ICE, the references and outputs are assumed
stationary, therefore, ensemble averaging is used in estimating the linear time-invariant
(Wiener) filter relating the references to the output. This ensemble averaging operation may
result in smoothing the Cyclostationary (CS) events of the ICE engine. Hence, the Cyclic
Wiener Filter (CWF) technique was first proposed in [15] to process signals coming from CS
sources.
In addition to that, using the CWF allowed the separation of the Source(s) of Interest (SOI)
even in the under-determined case, even in the case when only one reference on the (on
each) CS SOI is available.

A Linear-Periodically-Time-Varying (LPTV) filter had been first proposed by Antoni et al.
[15], to reconstruct the cylinder pressure of ICE, then it was given the name “The cyclic
Wiener filter" by Badaoui et al. [16] and was used to separate the contributions of the com-
bustion and the piston-slap from acceleration signals measured on a diesel engine using a
signal of the cylinder pressure as a reference (a single reference, i.e. an under-determined
case). The Wiener filter was built from the centered pressure and acceleration signals to uti-
lize the Second Order Cyclostationary (CS2) statistics.

Pruvost et al. [17] proved the supremacy of estimating the cyclic Wiener filter (spectrofil-
ter) from only the random part (CS2) of the signals, when applied to the separation of the
highly correlated and interfered combustion and piston-slap noises of diesel engines. By
this way, the correlation between sources are lowered what lowers the filter’s bias error but
elevates the filter’s random error (classical bias-variance trade-off), but this can be compen-
sated by considering long enough measurement records. Signals were time sampled but
phase-locked on the Top Dead Center (TDC) of a specific cylinder, exploiting the fact that
the angle governs the excitation events (invariant in angle), while time governs the engine
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response (invariant in time). Upon testing on diesel engine data, the improved filter was
found to be superior to its classical design.

Antoni et al. [18] introduced a Linear-Speed-Varying (LSV) separation filter to be used for
processing signals measured during an engine run-up. They presented the novel concept of
Cyclo-non-stationarity (CNS), which describes the signals which are produced by a periodic
mechanism, but whose statistics may evolve slowly in time from cycle to cycle (such as dur-
ing a run-up). The authors proposed replacing the centering by cyclic differencing, which is
equally appropriate for the filters estimation, to avoid the hard task of estimating the speed-
varying mean of the CNS signal required to perform centering. The proposed method was
tested on a data of a Renault diesel engine, and successfully separated the combustion noise
from the mechanical noise.

Brogna et al. [19] Tackled the case of correlated references. They proposed a filter that is a
liner combination between the Wiener filter and its centered version, both weighted with
their mean square error. The authors modelled the correlated references as linear combina-
tions of uncorrelated latent references. These latent references are then extracted and used
for the source separation. For the separation results to have physical significance, careful
choice of the measured references is needed. A Bayesian hierarchical model was built to
estimate the noise. They used a Gibbs sampler to infer the unknowns of the model. The
method is validated on both synthesized and measured ICE signals.

Lafon et al. [20] used the CWF for separating the cyclic sound intensity into source con-
tribution and noise. Only one reference is needed on each SOI to be separated. After the
application on ICE signals, the separation results was found to be easily attributable to the
corresponding physical sources.

All the previous techniques were based on the availability of fixed references. When no
references are available, one could resort to Blind Source Separation (BSS).

5 Blind Source Separation

In BSS the measurements are arranged in a matrix which is modelled to be equal to the
matrix of sources pre-multiplied/convolved by a mixing matrix. Then, the sources are sep-
arated based on their statistics. An example is the separation of non-Gaussian from Gaus-
sian sources. Many algorithms were developed in the literature to perform this separation.
Among the comon classical ones are Independent Component Analysis (ICA), Principal
Component Analysis (PCA), Second Order Blind Identification (SOBI), Joint Approximate
Diagonalization of Eigen-matrices (JADE), and Sparse Component Analysis (SCA) [6].

Liu and Randall [21] used the Blind Least Mean Square (BLMS) algorithm with Gray’s vari-
able norm as a cost function, to separate piston slaps from other sources of vibration in ICEs.
The algorithm can find only one source, of maximum non-Gaussianity, at a time. The sepa-
ration, of fuel injection, piston slap and combustion noises, was achieved.
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Liu et al. [22] used the deflation algorithm along with the BLMS algorithm to extract more
than one source. The deflation algorithm was used to remove the first source contributions
from the measured signals. Then, BLMS was used again and again to the residuals to sepa-
rate the remaining sources. Three sources were successfully recovered from four measured
acceleration signals on a faulty piston ICE. They were rooted to piston slap, cylinder pres-
sure due to the piston’s reciprocation, and cylinder pressure oscillation due to combustion
(combustion knocks). The technique was found to attenuate the separated sources towards
non-Gaussianity. What was avoided in the later techniques in the literature by utilising cy-
clostationarity instead of non-Gaussianity.

Bonnardot et al. [23] presented a method for the extraction of the CS2 part from a centered
signal utilizing the property of spectral redundancy. The uncorrelated noises were separated
using several filtered, by an optimal LPTV filter derived from the centered signal, frequency-
shifted, by the cyclic frequencies, versions of the signal.

Boustany and Antoni [24] introduced the SUBspace BLind EXtraction (SUBLEX) technique
based on a subspace decomposition of the data via their cyclic statistics. This is when there
is only one signal of interests produced by one cyclostationary source with a known cyclic
frequency which is not shared with any of the interfering sources. Unlike the classical BSS,
the technique does not require knowing the number of sources, and it worked well on both
instantaneous mixtures and convolutive mixtures.

Antoni et al. [25] proposed a BSS algorithm to separate CS2 convolved mixture of signals
coming from uncorrelated sources having similar cyclic frequencies given that the number
of measurements is more than the number of sources. When the signals had low Signal to
Noise Ratio (SNR), the results were improved by performing successive diagonalization of
a set of cyclic spectral matrices. The turned out to be effective in separating mixtures with
long impulse responses.

Servière et al. [26] developed a BSS method to solve the specific separation problem in [16].
The output was modelled as a non-stationary convolutive mixture. To estimate the optimum
separation filter, they used the joint approximate diagonalization of the spectral matrices, to
minimize mutual information between recovered sources. The method broke down the out-
put noise into three source contributions (thermal noise, piston-slap, and mechanical phe-
nomena).

Boustany and Antoni [27] developed the Reduced-Rank Cyclic Regression (RRCR) algo-
rithm to blindly extract a CS2 signal from a convolutive mixture. The method combines two
algorithms: (1) the SUBLEX algorithm proposed in Boustany and Antoni [24], and (2) the
Multiple Cyclic Regression (MCR) algorithm proposed in Bonnardot et al. [23]. The unifying
approach was based on enforcing a rank of unity to the spectral matrix of the MCR-separated
signal. The SNR of the RRCR-separated signal is independent of the number of sensors and
cyclic frequencies.
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Abboud et al. [28] presented the Angle-Time Cyclic Wiener Filter (AT-CWF) to account
for the angle-time duality (nonlinearity of the angle-time relationship) in nonstationary
regimes. Within the Angle-Time Cyclostationarity (AT-CS) assumption, the time-invariant
coefficients of the filter were maintained as functions of time, while the filter’s periodicity
is expressed as a function of the cyclic order variable, with respect to which the repetition
rate remains constant, even when the Instantaneous Angular Speed (IAS) was varying. The
estimation of the proposed AT-CWF was based on the order-frequency spectral correlation,
taking advantage of the cyclic incoherence between the signal of interest and the noise. The
high effectiveness of the proposed filter over the classical CS-based one was proved both
numerically and experimentally.

As Order-Frequency analysis turned out to be the most appropriate analysis domain for
non-stationary engine regimes. Order Tracking is discussed in the following section.

6 Order Tracking

Rotating machines, such as the engine with a fixed number of strokes per revolution or
a gear train with a constant number of mesh cycles each revolution, are often tested in a
run-up or coast-down mode, to assess the machine’s dynamic behaviour. The measured re-
sponses are non-stationary in nature, i.e. the signal is amplitude and frequency modulated.
Order Tracking (OT) is an Noise, Vibration & Harshness (NVH) measurement technique
that has the unique capability of studying such dynamic rotating or reciprocating machin-
ery whose rotational speed changes over time. This approach evaluates the response signals
as a function of the shaft rotational speed rather than the absolute frequency base, as op-
posed to spectral-domain functions that employ frequency as the independent variable. The
most useful measures are order spectra and order tracks. The signal’s amplitude is shown in
an order spectrum as a function of harmonic orders of the reference shaft’s rotation speed,
with phase calculated in respect to the input reference. In majority of the cases the instanta-
neous speed of a main shaft is considered as reference.

The single order can be expressed mathematically as,

s(t) = Ak(t)Θk(t), (1)

where the carrier signal is

Θk(t) = ejkθ(t), (2)

θ(t) =
∫ t

0
ω(u)du, (3)

k is the order component of interest, Ak(t) ∈ R is the complex envelop of the kth harmonic
component, Θk(t) is the carrier belonging to the order k,

∫ t
0 ω(u)du is the elapsed angular
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frequency, θ(t) is the instantaneous phase of reference.

Response signal from any rotating machine can be modelled as,

s(t) =
∞

∑
k=−∞

Ak(t)Θk(t), (4)

The response signals are often sampled at equal intervals in time. In this approach, the
recorded time signal is divided into short segments over which fast and computationally
efficient FFT is applied to obtain an instantaneous spectrum. Though this method is simple,
it has its own disadvantages. One of the major drawback is the effect of smearing. Smearing
is a DFT effect that arises when the frequency of the signal changes during the course of the
time block. The data acquisition is based on ∆t and no where it is related as the function of
rotational frequency and the FFT kernel is developed to analyze the signals with constant
frequency amplitude sine and cosine functions. As a result, it’s understandable that this
Fourier kernel doesn’t work well with time-varying signals. While using this technique,
several spectral lines are summed up to extract an order.

Potter and Gribler [29] firstly discussed an implementation of angular resampling to counter
smearing and later Fyfe and Munck [30] has established the digital approach where the sig-
nal is recorded in time and post-processed into angle domain. Given that cyclostationary
components have cyclic frequencies that are directly proportional to shaft velocity, it is evi-
dent that angular domain studies are significantly more useful for rotating machines. Over
the past decades, several researchers attempted to develop and engineer OT approaches into
several sectors such as automotive, aerospace, wind turbines, industrial machines etc. These
approaches are classified into three major categories,

1. Resampling methods

2. Tracking filters approach

3. Integral transform based

As discussed above, the resampling technique implemented by converting a time signal into
angle domain with reference key-phasor. The second section of OT is tracking filters, which
operate in time domain and employ a bandpass filter like Vold Kalman to track both the
changes in both the frequency and the time varying amplitude / envelop. This technique
extracts orders of high resolution and are independent of slew rate. The other category of
OT techniques are integral transform based derived from the modification of the Fourier
kernel, which are able to extract the order directly from the temporal signal.

6.1 Short Angle Fourier Transform (SAFT)

Angle domain sampling based order analysis is also often referred to as computed order
tracking in the literature. Along this report, the angle domain sampling is termed as Short
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Angle Fourier Transform (SAFT). This is a most common order analysis technique employed
in commercial software. And the kernels of Fourier transform are reformulated as follows,
and the angular counter part of frequency spectrum is order spectrum, obtained from the
Fourier transform of angular sampled signal,

Sk =
1
N

N−1

∑
n=0

s(n∆θ)e−j2πkn∆θ (5)

The resample times are determined from the shaft angular motion. For the first instance,
constant angular speed may be assumed which results in a linear interpolation between the
shaft angular rotation and consecutive tacho pulses [31]. The second accurate estimation is
to assume a constant angular acceleration of the shaft and follow quadratic equation defined
in Equation 6.

θ(t) = b0 + b1t + b2t2, (6)

The coefficients b0, b1&b2 are determined by fitting three successive key phasor pulse ar-
rival times t1, t2&t3, which occur at known shaft angular increments, ∆Φ. This returns the
following boundary conditions,

θ1 = 0,
θ2 = ∆Φ,
θ3 = 2∆Φ, (7)

where, ∆Φ is 2π for pulse train with 1 pulse per rotation.
Substituting this condition in Equation 6, yields the following matrix format to solve for the
coefficients. θ1

θ2
θ3

 =

1 t1 t2
1

1 t2 t2
2

1 t3 t2
3

b0
b1
b2

 (8)

The above matrix formulation is solved for {bi}, and the resample times are calculated by
solving the Equation 6 for t,

tm =
1

2b2
[
√

4b2(θm − b0) + b2
1 − b1], (9)

where tm is corresponding time of the angular position at θm
Re-sample times are computed over center half of the interval (t1...t3) to avoid overlapping
in the sampling. This condition imposes limit on θ which is used in Equation 9:

∆Φ
2

≤ θ <
3∆Φ

2
(10)

The resampling is performed discretely at θ = m∆θ,therefore, the Equation 9 bottle downs
to,

11



tm =
1

2b2
[
√

4b2(m∆θ − b0) + b2
1 − b1]. (11)

The above Equation 11 fails when b2 = 0, a condition where the shaft is rotating with con-
stant velocity. Saavedra and Rodriguez [32], addressed a method to encounter the inconve-
nience created, where they proposed to determine the re-sample times from Equation 12.

θn(t) = b0 + b1n∆t + b2(n∆t)2 (12)

where, θn(t) corresponds to original sample times n∆t. Accordingly, after the calculation
of (sn, θn) for each original sample time, the re-sample time (sm, θm) are determined from
interpolation methods on the original data.

Resampling involves two steps. Firstly, precise estimation of resample times with the help of
key phasor. There are several ways to estimate the resample times, one of them is determin-
ing from shaft angular motion. The other is from instantaneous angle profile calculated from
rpm-time profile. Secondly, estimation of amplitudes at the resampled times often called as
interpolation process. While sampling, care must be taken that the sampling frequency ad-
heres to Nyquist Shannon theorem to prevent from aliasing. The time between each sample
in angular domain is not the same for a speed dependant response. One of the simplest
solution to prevent aliasing is by taking sample per rotations equal to sampling frequency.

6.1.1 Limitations

While the SAFT is more accurate for order analysis, still it posses some inherent limitations.
An obvious limitation is w.r.t order resolution of any FFT analysis. If there are orders present
that do not fall on spectral lines, this poses a challenge. Hence, these orders cannot be ana-
lyzed with any of the Fourier transform approaches.

Secondly, the angle domain Fourier transform still has the same limitation as the FFT is
applied to non-stationary amplitude data. The resampling procedure has no effect on this
limitation other than allowing the transform to be applied in a shorter time for higher r.p.m.
values, when a shaft rotates through the desired number of revolutions in less time.

This angle domain technique tracks orders that are relative to single shaft. The close and
crossing orders give rise to beating effect and hence the amplitude and phase of the wave-
form cannot be extracted with conventional methods without this interaction effect. In order
to address these issues, tracking filter based order analysis has been developed by Vold and
Leuridan [33].

6.2 Integral transforms

The other form of Fourier based order tracking techniques are based on integral transform.
The previous order tracking techniques include the signal to be angular resampled before
proceeding to perform order spectrum at the expense of computational complexity. Whereas
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the integral transform based approach does not require any resampling into angular domain
and results similar to SAFT. This novel order tracking technique is based on a modification
of the Fourier kernel that allows for time-varying frequency and henceforth it is coined
as Time Variant Discrete Fourier Transform (TVDFT) [34]. This is special case of chirp-z
transform, where only the frequency varies with time. And the kernels of Fourier transform
are reformulated as follows

Sk =
1
N

N−1

∑
n=0

s(n∆t)e−jk ∑ ω(n)∆t. (13)

6.3 Vold-Kalman filter (VKF)

The other set of order extraction techniques are tracking filters operated in the time do-
main. One of the most well-known tracking filter is VKF, which was invented by Vold and
Leuridan [33] for a high resolution and slew rate independent order tracking. Since then,
VKF has entranced several scientific communities due to its advantages over Fourier based
tracking techniques. It holds the unique capability of not only tracking the time history of
frequency but also the changes in the amplitude/envelop, which is merely a demodulation.
Vold-Kalman filter acts as a bandpass filter, where its center frequency depends on the in-
stantaneous angular speed. VKF comprises two sets of equations. The first is referred to as
structural equation and the other is a data equation.

6.3.1 Structural equation

The complex envelop Ak(t) is rather smooth and varies slowly in comparison to the carrier
signal due to intrinsic inertia of the rotating system. Henceforth, a lower order polynomial
can ascertain the complex envelop. One method of achieving this smoothness criteria, re-
quires repeated difference to be small for discrete signals, e.g., it adheres to the equations of
following type,

∇q Ak(n) = εk(n), (14)

where εk(n) is a non-homogeneous term, ∇q represents a difference operator with order q

Therefore the structural equation can be described as a digital filter with filter poles de-
scribed by the polynomial order. The structural equation with difference order s = 2 is
given by,

∇2Ak(n − 1) = Ak(n)− 2Ak(n) + Ak(n + 1) = εk(n). (15)

For data length N, Eq. 15 can be expressed in matrix form,
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−2 1 0 . . . 0 0
1 −2 1 . . . 0 0
0 1 −2 . . . 0 0
...

...
...

...
...

...
0 0 0 0 1 −2


︸ ︷︷ ︸

M


Ak(1)
Ak(2)
Ak(3)

...
Ak(N)


︸ ︷︷ ︸

A

=


εk(1)
εk(2)
εk(3)

...
εk(N)


︸ ︷︷ ︸

ε

(16)

6.3.2 Data equation

The data equation establishes a relation between the order s(n) with the measured data y(n).
The measured data y(n) contains not only the order of interest, but also other orders of the
machine, as well as random noise. The data equation can be stated as follows,

y(n) = ∑
k∈Ks

Ak(n)Θk(n) + η(n), (17)

Ks ∈ R ̸= 0 denotes a discrete set of orders to be tracked, η(n) is the nuisance component
containing the random noise and non-tracked orders.

and Eq. 17 can be expressed as,
y(1)
y(2)
y(3)

...
y(N)


︸ ︷︷ ︸

y

−


Θk(1) 0 0 . . . 0

0 Θk(2) 0 . . . 0
0 0 Θk(3) . . . 0
...

...
...

...
...

0 0 0 . . . Θk(N)


︸ ︷︷ ︸

Bk


Ak(1)
Ak(2)
Ak(3)

...
Ak(N)


︸ ︷︷ ︸

Ak

=


η(1)
η(2)
η(3)

...
η(N)


︸ ︷︷ ︸

ȷ

(18)

6.3.3 Extraction of complex envelop

To simultaneously track the orders, Eq. 16 can be written as,
M 0 0 . . . 0 0
0 M 0 . . . 0 0
0 0 M . . . 0 0
...

...
...

...
...

...
0 0 0 0 0 M




A1
A1
A3
...

Ak

 =


ε1
ε1
ε1
...

εk

 (19)

and Eq. 17 can be rewritten as,
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y −
[
B1 B2 B3 . . . Bk

]


A1
A2
A3
...

Ak

 = ȷ. (20)

The interested order Ak(t) can be tracked by combining and solving the Eq. 19 and 20,

Y − PA = E (21)


0
0
0
...
y


︸︷︷︸

Y

−


rM 0 0 . . . 0
0 rM 0 . . . 0
0 0 rM . . . 0
...

...
...

...
...

B1 B2 B3 . . . Bk


︸ ︷︷ ︸

P


A1
A1
A3
...

Ak


︸ ︷︷ ︸

A

=


rε1
rε2
rε3

...
η


︸ ︷︷ ︸

E

. (22)

The global solution is solved by a standard least square solution, where the Ak(t) can be
derived by minimizing the loss function, i.e.

J = EHE (23)

∂J
∂A

= 0 (24)

PHPA = PHY. (25)

6.4 Baseband demodulation

The concept of baseband demodulation has its roots from communication systems. This is a
novel and simple technique that can been adapted to extract orders. In tele-communications,
baseband is defined as a frequency range prior to the modulation. In other words, base-
band signal is a lowpass signal which has its spectral components near to zero. Whereas
the modulated signal, in which frequency/phase of the carrier is modulated is referred to
as passband signal. The overall purpose of demodulation is to use the phasor to recover
the complex envelop from the passband signal, which is similar to the order tracking. The
basedband demodulation is mathematically formulated as,

Ak(n) = y(n)e−jkθ(n) (26)

and,
θ(n) = ∑

n
ω(n)∆t. (27)
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The response signal is multiplied with the conjugate of the complex phasor of the order of
interest and accordingly the passed through a lowpass filter to remove the nuisance com-
ponent containing the non-tracked orders. Savitzky–Golay lowpass filter may be used to
perform digital filtering.

7 Acoustic Imaging

It’s essential and often challenging, that Noise, Vibration & Harshness (NVH) diagnostics of
complex machines, requires characterizing the sound sources to better understand the noise
generation mechanism. This includes the estimation of number of sources, their location,
quantification, estimation of direction of arrival, directivity and sound field reconstruction
[35]. In late 70’s, source contribution solely depended on the window method, where the
total source is wrapped with a high transmission loss materials and sequentially exposing
various source areas [36]. Though this method is reliable, its time consuming and even
burdensome to handle large sources. But, the advent of multivariate analysis and numer-
ous efficient decomposition techniques, the signal processing methods got matured enough
to efficiently uncorrelate the sources in the estimation of source contribution from direct
methods. Although direct methods are relatively simple with minimal hardware, they pose
multiple challenges, especially accessing congested locations in a complex large machines,
and it is impractical to measure the source itself. Furthermore, the disadvantage is that mea-
surements are discrete in space, and measuring all over a surface surrounding the source is
nearly impossible.During these scenarios, phased arrays placed at a certain distance, out-
perform the reference based methods to furnish global overview of source distribution. The
ultimate goal is to infer source parameters from the sound field collected by the array and a
propagation model [35].

The usage of phased arrays as radar antennas dates back to World War 2 and since then there
is a dramatic improvement in the past decades due to the advancement of powerful acquisi-
tion and processing capabilities. They are widely used in many fields that include SONAR,
communication, medical, automotive, aerospace and several others [37]. In 1976, Billingsley
and Kinns [38], introduced the acoustic telescope along with the mathematical formulation
in both time and frequency domain as an alternative to acoustic mirror to perform source
localization on jet engines. However, each potential source location requires traversing the
mirror, which makes the measurements time-consuming. In 1993, Johnson and Dudgeon
[39] presented an ability to determine the location and strength of sound sources with syn-
chronized microphones in an array and a source localization algorithm. The key benefit of
a microphone array is that, it just requires a short measuring time because the scanning of
probable source locations may be done offline during post processing.

Over past decades, several acoustic imaging techniques have been developed based on ad-
dressing a particular real problem it tries to solve [35, 39]. All these techniques are classified
into two main groups: beamforming-type and inverse methods. Inverse methods aims at
solving an inverse problem accounting for the presence of sources at once in contrast to
beamforming algorithms [40]. Interferences between possibly coherent sources can be con-
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sidered in this way.

8 Acoustic imaging in the automotive industry

Now a days, microphone array is being extensively used as a standard tools of diagnosis for
analyzing noise sources on flying aircrafts, snowmobiles, consumer products, cars, trucks,
trains and other several industrial machines. As the project entitled to address automotive
industry, the following brief summary provides an outline of use of arrays for NSI in auto-
mobiles.

• Paillasseur and Chaufour [41] applied acoustic imaging techniques to a PSA’s diesel
engine. The study aimed to reconstruct the sound intensity map on each side of the
engine in order to determine the sound power radiated and to identify the noisiest
sources. A combination holography and beamforming methods is employed to ac-
complish this.

• In 2010, Lafon et al. [20] coined a new acoustical quantity, cyclic sound intensity, which
allowed the construction of radiation movies in angle frequency domain during an
average engine cycle.

• Pinel Lamotte et al. [42], applied imaging techniques with multiple arrays to identify
the exterior aeroacoustic sources on car in a wind tunnel.

• Le Magueresse et al. [43], further expanded the application of acoustic imaging, where
he demonstrated the estimation of transmission loss of an automotive dash panel by
bayesian focussing. With the advent of EVs, the acoustic imaging is also applied to
characterize the electric powertrain noise sources.

• Padavala et al. [44] applied beamforming on electric powertrain to identify the noise
sources on motor and gearbox during vehicle noise refinement.

• Le Magueresse et al. [45] applied bayesian focusing for 3D acoustic characterization of
Renault’s electric motor and also attempted to study the possibility of these techniques
in a run up.

9 Conventional Beamforming

Beamforming is a popular tool to adjust the parameters of each element in a phased ar-
ray, so that signals at certain angles obtain constructive interference, while signals at other
angles obtain destructive interference. Therefore, the output signal can be steered to the
desired direction, which is equivalent to forming a “beam” [46]. In this section, the basic
idea of beamforming will first be clarified, then followed by a brief introduction of a pop-
ular beamforming method Conventional Frequency Domain Beamforming (CFDBF), which
is the foundation of many advanced algorithms [40].
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9.1 Basic Idea

Due to different spatial positions of sensors, the signal of a sound source travels to each
of them along different paths, which leads to a certain time difference in the received sig-
nals. The delays are proportional to the travelled distance. Given that the distance between
each array element is already known, the impinging direction location of the sound source
can then be determined. Furthermore, by aligning the signals of each channel, the phase
difference can cancel out the interference part and enhance the target signal.

signal

*

*

w0
*

q

tM#1

t1 1

w

wx1(t)

x0(t)

y(t)

M#1

xM#1(t)

Figure 1.3 A general structure for narrowband beamformingFigure 1: A typical beamforming structure [1]

Consider a typical beamforming structure (see Figure 1), which consists of one single point
source from far field with an impinging angle θ and a linear array with M sensors. The
sound pressure measured by each microphone can be denoted as:

x0(t) = s(t)ejωt

x1(t) = s(t)ejωtej 2π
λ dsinθ

...

xM−1(t) = s(t)ejωtej 2π
λ (M−1))dsinθ

(28)

where s(t) represents the amplitude of the impinging signal as a function of time t, and ω is
the angular frequency. The distance between each array element is denoted as d. Written in
matrix form, we have:

x(t) =


x0(t)
x1(t)

...
xM−1(t)

 = s(t)ejωt


1

ej 2π
λ dsinθ

...
ej 2π

λ (M−1))dsinθ

 = s(t)a(θ) (29)

and the vector a(θ) is called direction vector or steering vector. The array output y(t) at
time t is the weighted sum of the received signals processed by the M channels, which can
be expressed as:
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y(t) =
M−1

∑
i=0

wH
i (t)xi(t) = wHx = s(t)wHa(θ) (30)

where the vector w = [w0, w1, ..., wM−1]
T represents the weighting vector of the beamformer,

the superscript T denotes the transpose, and H denotes the hermitian transpose. Generally,
depending on the choice of the weighting vector w , there are different approaches for locat-
ing and extracting the desired signal. Setting the weighting vector w in such a way that the
signal from a predefined direction is preserved in the output y(t), while signals from any
other locations are suppressed as much as possible, this method is called fixed beamforming
[47]. On the other hand, instead of predefining the weighting vector, adaptive beamforming
seeks to find a specific weighting configuration utilizing linear optimization, so that the spa-
tial filtering is performed depending on the incoming signal [48].

9.2 Conventional Frequency Domain Beamforming (CFDBF)

Similarly, the CFDBF estimates the source location and its strength from the measured signal
x, an M × 1 vector, which denotes the spectrogram of each array element processed with
Welch’s method [49] and can be denoted as:

x = {x(0), x(1), ..., x(M − 1)} . (31)

Since the Fourier transform breaks the time domain signal down into amplitude and phase,
an autopower spectrum b which only contains real values is used for an easier quantification
of the source power, which can be written in vector-matrix notation:

b(r) = E{yy∗} = wH(r)E{xxH}w(r)

= wH(r)Rxxw(r)
(32)

with the vector r representing the assumed location of the source, E{} denoting the ex-
pectation value, and the superscript ∗ meaning the complex conjugate. Rxx is called Cross
Spectral Matrix (CSM) and has a dimension of M × M. It contains the measurement infor-
mation retrieved from the sensor array, while the steering vector preserves the geometrical
information. Additionally, there are different formulations for the steering vector based on
different physical models [50]. The steering vector a(θ) in Equation 30 applies to the far field
case, which assumes plane wave and thus considers only one single direction of arrival θ. In
contrast, by assuming a monopole source and spherical wave propagation in a free field, the
steering vector a(r) is given by the free-field Green’s function of the Helmholtz equation:

a(r) =
1

4π ∥r − ri∥
e−jk∥r−ri∥ (33)

where k denotes the wave number and r represents the distance between the assumed source
position and the i-th microphone position. Applying to the Equation 32, we can examine the
source autopower b(rs) at a specific location rs with a specific steering vector a(rs).
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A typical approach is to calculate the beamforming output b iteratively over a spatial plane,
which is discretised into a grid of N points [40]. Then each of them on the plane is ex-
amined by the Equation 32 as a source candidate. As a result, a beamforming map can be
obtained with every grid point on the map is associated with a source power. It is clear to
see that, depending on the number of grid points defined, performing grid-search can be
very time-consuming and requires also a decent amount of computational power, which is
major disadvantage of CFDBF. Furthermore, the source is coincidentally located on one of
the grid point is a strong assumption, which can limit the localization accuracy if the grid is
not properly defined [51].

10 Conclusions

• The report reviewed the statistical source separation techniques, classifying them into
three subcategories, namely; the references techniques, the wiener filter techniques,
and the blind source separation techniques, with focus on the application on the com-
bustion/mechanical noise source separation in combustion engines.

• The report discussed the capability of order tracking techniques to analyze the non-
stationary regime i.e. Run up/ Coast down. Various OT techniques and their advan-
tages and limitations are presented in the review.

• The report also includes a brief history of acoustic imaging and the available tech-
niques to analyze both the stationary and non stationary data, with focus on the appli-
cations in the automotive industry.

• Finally, the report presented the basic ideas of the conventional beamforming tech-
nique.

• This brief review could be used as a guide to researchers aiming at applying the source
identification techniques to electric and hybrid vehicles.
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Chapter 1

Introduction

1.1 NVH in Electric Vehicles

During the process of generating and transmitting vehicle power, a fraction of this energy is converted into

sound power and radiated into the air. The vehicle’s interior noise level is composed of contributions from

different sources of excitation, this noise from each source is propagated into the passenger compartment

through structure-borne mechanics and air-borne mechanics as described below [Wan10]:

� Direct sound-generation mechanics which leads to air-borne noise (an arbitrary noise is generated by

the physical mechanism and transmitted through air into the cabin)

For example: Noise due to aerodynamic forces at high speeds

� Indirect sound-generation mechanics which leads to structure-borne noise where an arbitrary noise is

generated from a fluctuating force which excites structural responses and sound radiation from the

structure

For example: Noise generated from tire-road interaction, engine noise, power-train noise, etc.

Compared to conventional vehicles, electric vehicles (EVs) are much quieter and more comfortable with

respect to NVH characterstics, as they are equipped with an electric motor and a power-supply instead of

an internal combustion engine (ICE). However, even without an ICE, an electric vehicle is still susceptible to

producing noise due to other connecting parts as the noises masked by the ICE are now pertinent. Considering

Hybrid-EVs (HEVs), due to various architectural configurations the identification and characterization of

NVH sources and their propagation becomes even more complex. In HEVs, the major challenge is due

to distinct engine, drive-train and electric motor’s NVH along with the coupling contributions of different

subsystems, refer [Qin+20].

Sources of noise generation in EVs and HEVs can be broadly grouped under aerodynamic noise, Engine &

1



2 Chapter 1. Introduction

powertrain noise, and tire-pavement interaction noise (TPIN) [Par+16]. Fig. (1.1) shows the major sources

of noise generation in Electric vehicles.

� Aerodynamic noise:

Dominant at high speeds (as the acoustic power increases by 5th and 6th power of speed) [Hel05]

� TPIN:

Dominant at low speeds and low engine load. A review article on TPIN [Li19] indicates that TPIN

dominates for passenger vehicles above 40 km/h and trucks above 70 km/h. This can further be

subdivided into exterior tire-road noise (for pedestrians) and interior tire-road noise (for driver and the

passengers inside the vehicle cabin).

� Powertrain noise:

Dominant at low speeds and high engine load

The vibrations produced by the engine is due to the rotational and reciprocating components in it. As

per [Qin+20], source of noise in an engine (also referred to as Booming noise) is categorized depending

on the operational state of the engine: start process, idle process and stop process.

The powertrain connects the engine/motor and frame with elastic and rigid components. The sources

of motor noise can be categorized into [Qin+20]:

– Electromagnetic noise:

caused by the Pulse width modulation (PWM) harmonic of the power supply control unit and due

to the harmonics coming from the electromagnetic forces evolving in the motor.

– Aerodynamic noise:

This is generated by the rotor, the fan and the air-flow effect. It is dominant at high motor speed.

– Mechanical noise:

caused by the moving rotor, the bearing and the motor’s brush and slip-ring, or commutator

friction.

In principle, electric powertrain’s main noise issues are due to the whining noises coming from electro-

magnetic interaction within the e-motor and gear whine noise.

Traditional processing and objective sound quality metrics provide with a wide and detailed perspective of

judging the given recorded noise. However, the objective metrics that are shown in figure 1.2 don’t consider

how customers appreciate the product’s sound in the overall product experience.

1.2 Metamodels

In the past three decades, the approximation based methods and optimization techniques have gained a huge

momentum due to their ease of implementation which provides a decision-support for engineers during the
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Figure 1.1: Sources of noise generation in EVs (Image courtesy: Siemens)

Figure 1.2: Schematic of sound quality metrics

early design phase. The idea with such methods is to approximate the computational intensive simulation

models or measurement data (retrieved through time consuming test campaigns) using simple analytical

models. Such analytical models are often called as metamodels or surrogate models, and the process of con-

structing a metamodel is called metamodelling. Metamodel-based design optimization (MBDO) involves the

use of optimization methods on such metamodels during early stage design process.

The term metamodel was first conceptualized by Robert W. Blanning in 1974 [Bla74, Bla75] and was popu-

larized by Jack Kleijnen in 1975 as a “model of a model”, refer [Kle75]. Since then, metamodelling techniques

have been employed in various domains as “cheap” yet robust approximations to understand the unknown

relation between the input parameters and the outputs. For a historical perspective to metamodelling and its

applications, we refer [Via+14] in which the focus is on the evolution and motivation for different metamod-

elling techniques and their advancements. The authors have not only spanned the domain since its inception

with the idea of approximation concepts but also about the current research trends and the open questions

from other comparative studies such as [WS07].
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1.3 Global Overview
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Figure 1.3: The “Big” picture

The overall client comfort while driving a vehicle depends on several factors. However, the acoustic sig-

nature of a vehicle remains one of the most crucial factors in determining customers’ comfort. Typical client

profiles or driving conditions can be collected that would represent the operating point (OP) conditions.

These OP conditions are usually a combination of speed and wheel torque which are the most important and

influencing initial parameters for developing models that would predict the interior cabin noise.

This research work is motivated to develop global NVH meta-models utilizing rich database for different

physical phenomena affecting the acoustic comfort of passengers inside the vehicle. In this work, we consider

three principal sources of noise generation i.e the aerodynamic noise, noise due to tire-pavement interaction,

and the noise from electric motors, refer Sec. (1.1). The objective is to develop several different meta-models

for each physical phenomenon that are able to link the inputs, parameters and the responses. These meta-

models can then be combined into one “Super”-model as an indicator depicting the comfort level for the

respective client profile or OP condition.

A pictorial flowchart is shown in Fig. (1.3). The description of each box is summarized as follows:



1.3 Global Overview 5

� Operating Conditions:

We have operating conditions in the form of a joint probability density function (jpdf) of vehicle

speed and wheel torque. These operating conditions represent the starting point of the metamodelling

workflow.

� Noise contribution:

In this research work, we will be dealing with three main noise contributions, namely aerodynamic

noise, interior tire-road noise (also called as Rolling noise) and noise due to electromagnetic interaction

in electric-motors. We first start with the aerodynamic and rolling noise contribution that constitute

the masking noise and also due to rich availability of relevant data from the testing department. As

can be seen in the noise contribution corresponding to electric motors, Magnetic excitation relates to

the electromagnetic harmonics and Transmission excitation relates to the e-motor’s mechanical noise.

Through the outer casing of the motor, structure-borne and air-borne mechanics is described through

Motor attachement points and Radiated power, respectively. These two phenomena mainly result in

the whining noise of electric powertrains.

� Metamodels for transmission paths:

Metamodels link the OP conditions with the output responses along with certain parameters that are

dependent on the particular noise path. They are shown as green boxes in the flowchart. Perhaps,

at the end of the workflow, the objective emergence indicator can be linked using subjective metrics,

details on which are shown in Chapter 3.

1.3.1 Vehicle aeroacoustics

Aeroacoustic performance of a vehicle influences customers perception and is an extremely important feature

considering the overall performance and comfort level of the vehicle. The overall noise that is heard inside

the passenger cabin is a relative contribution of different sources coming from the engine, wheels, powertrain,

and wind. At different vehicle speeds, some of these are more dominating than the others. At higher speeds

around 100 kmph, aerodynamic noise remains a dominant source of noise and discomfort [OS17].

To build simple phenomenological relations between various parameters and the output response, we need

to understand the physics and the factors influencing the aeroacoustic noise in vehicles. There are three

mechanisms for aeroacoustic noise generation as described in [Hel05, OS17]. If I and v are the sound

intensity and the flow velocty respectively then the sources are: 1) Monopole sources (Imonopole ∝ v4), 2)

Dipole sources (Idipole ∝ v6), and 3) Quadrupole sources (Iquadrupole ∝ v8). These are shown in Fig. (1.4).

1.3.2 Interior tire-road noise

In automotive domain, tire-road noise is generally categorized as [BWD10, Li19]:
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� Interior tire-road noise:

Experienced by the driver and passengers inside the vehicle cabin. The specific levels to be maintained is

dependent on the market and Original Equipement Manufacturer’s (OEM) requirements. It represents

an acoustic signature of a vehicle that makes it unique with respect to customer’s taste and comfort.

� Exterior tire-road noise:

This noise generated outside a vehicle and affects noise pollution, pedestrians and other near-by resi-

dents. It is regulated by government agencies.

The noise is generated from tire-road interface, as shown in Fig. (1.5), can be grouped into air-borne and

structure-borne paths. The aerodynamic noise is generated directly which then transfers through air. Air-

borne noise is dominant at higher frequency range (≈ 1000 Hz) and normally at higher speeds. Structure-

borne noise (dominant at lower frequency (≈ 160 Hz), lower speed regimes) which is induced by structural

(tire-wheel) vibrations and can produce through radiation the external tire-road noise. Both these mecha-

nisms contribute through radiation to the interior tire-road noise.



Chapter 2

Metamodelling applied to automotive

NVH

2.1 Probabilistic programming

Probabilistic programming is a programming paradigm where inference on unknown parameters and the QoI

is carried out using an inference engine. It provides an interface to fit complex and multi-level, often referred

to as hierarchical models, where the variables are not deterministic but rather stochastic. As per [Gor+14],

with probabilistic programs we can draw values at random from distributions and it provides a framework to

condition values of variables on the observed data. These probabilistic programming languages (PPLs) allow

for a straightforward use of various statistical distributions, samplers and transformation functions which are

required during Bayesian analysis. One major advantage with such general probabilistic programs is that

subject-matter researchers and applied statisticians can fit the Bayesian models without having to initially

dig in with the complex algorithms. Moreover, at an early stage of research, it is important to understand

the basic structure of various models and with the use of probabilistic programs, it becomes easier to try out

different models and tune their parameters as per the requirement of the analyst. In this work, we have used

an open source probabilistic programming library, PyMC3.

2.2 Application context: Automotive NVH

We remind ourselves that we are interested in the predictive distributions of the parameters and the QoI

along with the corresponding Bayesian credible intervals that would allow us to make probabilistic statements

on the unobserved QoI. With this in mind, let us first define the quantities in context to automotive NVH

domain.

7
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We introduce the following notations so as to remain mathematically consistent throughout the application

context.

L Sound pressure level (SPL)

Ldata SPL record available from database

Lpred Predicted SPL

X Vector of dependent variables, such as operating conditions

θ Vector of parameters of a given sub-model

ε Vector of nuisance variables (observed but to be marginalized)

η Fitting error, including model errors and experimental noise

The measurement data Ldata (observed) is approximated using an approximating function f dependent on

input conditions X, ε and the parameters θ with the error term η,

Ldata = f(X, ε;θ) + η. (2.2.1)

Note:

From now on, the PDFs are represented using the square brackets ‘[ ]’.

Metamodelling: Aerodynamic noise

To develop metamodels for aeroacoustic noise or any physical phenomenon in general, we need to understand

about the parameters that influence the sound pressure level (SPL).

In this study, we focus on the so-called wind tunnel test. We refer [BH], where the author explains about the

100 325 550 1000 3250 5500 10000
Freq (Hz)

S
PL

 (
d
B
A
)

140 kmph
200 kmph

10 dBA

Figure 2.1: Typical SPL for aeroacoustic noise from measurements

measurement techniques for interior and exterior noise with application to wind tunnel test. Measurement



2.2 Application context: Automotive NVH 9

database for aerodynamic noise consist of:

� Measurements are taken at 4 binaural acoustic heads that implies we have eight positions where the

response was recorded.

� Measurements were taken at two different speeds 140 kmph and 200 kmph corresponding M > 0.1.

� Yaw angle which represents the direction of wind hitting on to the front portion of the vehicle were

taken for three different angles i.e. 0 deg, +10 deg, and −10 deg

From the measurement database available, we see that there are quite a number of parameters that can be

considered for the modelling process. In this work, we consider speed (v) and frequency (ω). An Additive

model can now be formulated that takes into account the relationship between SPL with respect to frequency

and the flow velocity. With this model, we assume that the predictors ω and v affects the response independent

to each other.

Laero(ω, v) =

m∑
i=0

ai ω
i + 10 · log10

(
b · vn

Cn−3
0 · 10−12

)
. (2.2.2)

From this equation, we can see that the vector of unknown parameters looks like

θ =
(
a0, a1, a2, ..., am, b

)
We can obtain the point estimates θ̂ using Nonlinear least-squares approach where an optimization problem

is formulated in such a way that the squared distances between the observed and the predicted values are

minimized with respect to the parameters.

min
θ

||y − Laero(ω, v)||22 = min
θ

N∑
i

(yi − [Laero(ω, v)]i)
2. (2.2.3)

Model validation

As we are not in the data-rich situation, we can not divide the database randomly into training set, validation

set, and test set. Therefore, to validate our model, we will be using K-fold Cross-Validation scheme. For our

analysis, we considered two different vehicle body namely, Sedan and Hatchback. The value of K i.e. the

number of parts we divide our dataset into is chosen to be 5 and 10 and total of 1000 runs were carried out to

analyze the model assessment process. Histograms of the K-fold CV analysis for two different vehicle body

types can be seen in Fig. (2.3) and summary of its mean and variance is shown in Tab. (2.1). We observe

that if we divide our training dataset into 5 parts, then the CV accuracy is ≈ 90% with a very small variance.

Bayesian formulation

In Bayesian context, the unknown parameters are treated as random variables with known prior distributions
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(b) K=10, Vehicle Body-type: Sedan

Figure 2.2: Histogram for K-fold CV for vehicle body-type Sedan
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(a) K=5, Vehicle Body-type: Hatchback
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(b) K=10, Vehicle Body-type: Hatchback

Figure 2.3: Histogram for K-fold CV for vehicle body-type Hatchback

Sedan Hatchback

K = 5 K = 10 K = 5 K = 10
µ 0.89 0.83 0.91 0.84
σ2 6.39e-04 0.0012 6.08e-04 0.0017

Table 2.1: Comparison of mean and variance of R2-values for two different
vehicle body types

on them and this can be formulated as

[Ldata|X,θ, η] ∼ N (µ, σ2
y · IN )

[σ2
y] ∼ InvGamma(αy, βy)

[θ] ∼ N (0,diag(σ2
θ1 , σ

2
θ2 , ..., σ

2
θNm

))

[σ2
θm ] ∼ InvGamma(αθm , βθm),∀m = 1 : Nm

(2.2.4)

Prediction

With stochastic processes, the basic idea is to generate samples from the full posterior distribution of the

parameters and conditioned on these drawn parameters, we estimate the posterior predictive distribution

(PPD). We notice that the model is able to predict the SPL with 95% credible intervals. The model can further

be improved, for instance, using higher order polynomials to capture the intricate physics of aerodynamic



2.2 Application context: Automotive NVH 11

wind noise.
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Figure 2.4: Prediction on unseen (test) data with above model. The
observed data points are shown in blue dots. Mean from the posterior
predictive distribution (PPD) with its 95% credible interval can be seen as
dotted lines

Metamodelling: Interior tire-road noise

To develop equation similar to Eqn. (2.2.2), we make use of:

� sum of Gaussian to model the dependence on frequency ω,

� a simple polynomial (m=3) to model the dependence of SPL on speed.

Ltire(ω, v) = ωr1 ·
m∑
i=0

pi v
i + vr2 ·

Ng∑
g=0

ag · exp

(
−
(
ω − bg
cg

)2)
(2.2.5)

Parametric bootstrap approach is used to model and predict the SPL from tire-road interaction. Bootstrap-

ping is a data-based simulation method for statistical inference which was introduced in 1979 [Efr79]. In

principle, there are two types of Bootstrapping methods mentioned in the literature: parametric based on

bootstrapping the input-output pairs) and non-parametric which is based on bootstrapping the residuals,

refer [ET93]. In this work, we will be using parametric approach because our model has parameters that we

are trying to estimate.

The parametric bootstrap algorithm can be summarized as:

1. get a point estimate θ̂ from the observed data {Ldata,X, ε} (the Ldata here can be the selected data

points after considering the categorical variables)

2. repeat for i = 1, ..., B
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(a) simulate variables X∗
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∗
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(b) simulate data Lsim
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(i), ε
∗
(i); θ̂) + η(i)
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(i) ,X
∗
(i), ε

∗
(i)}

3. get an approximation of [θ|Ldata,X, ε] from the histogram of {θ∗
(i); i = 1, ..., B}

Prediction on the test data with specified categorical variables can be seen in Fig. (2.6). As can be seen,

some of the model peaks are not captured by the model which suggests us that the prediction model given

by equation Eqn. (2.2.5) can be improved further to include such intricate physical mechanisms in the final

prediction model.
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Figure 2.6: Prediction on test data using Parametric Bootstrapping with
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Chapter 3

AI-based approaches to predict

subjective-objective sound quality

metrics

In this section, the correlation between subjective-objective sound quality metrics will be followed focussing

on subjective jury tests as the model are helpful to predict the subjective metrics from the objective metrics.

Like Metamodels that will correlate the noise source parameters with the structural parameters.

3.1 Jury test

Jury tests aim at identifying relations between the sound of a product and the quality perceived by the

jurors. Jury tests consist in asking questions about the sound quality perceived directly to people act-

ing as jurors[Hua+19]. The output provided by Jurors are gathered and analyzed to calculate specific

scores, e.g. pleasantness or annoyance that are used to rate products in terms of sound quality perfor-

mance[Jam+21][SA19].

The ratings of the sounds by the jury can be performed in many different ways. The three most popular

are:

� Paired Comparison: Paired comparison is perhaps the simplest test type for a novice juror. In a

paired comparison test, jurors are presented with two sounds. The juror listens to both sounds and

indicates which sound he/she prefers. Alternatively, a question can also be presented[FK15].

� Category Judgment:For the category judgment test, each sound is played once. The juror then rates

the sound on a sliding scale for particular attributes. For example, after listening to the sound a juror

may rate how “powerful” it is on a scale[QHS20].

13
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� Semantic Differential: The semantic differential test is similar to the category judgment test. How-

ever, instead of rating the sound using one adjective, a bipolar pair is presented. For example “weak

vs powerful”[Gus97].

To ensure high quality correlation, jury test results should be double-checked first, before attempting

correlation. Two checks are more common: consistency and concordance. Consistency is checked in two

ways: AB consistency and circular triad consistency.

� AB Consistency: When presented with the same sounds, did the juror always make the same choice?

If not, the juror may be confused or not paying attention. For example, if performing an AB Comparison

test, the same sound pair may be presented to the juror twice. The juror should be consistent in his

choice of the “preferred” sound from the pair.

� Circular Triad: Circular triad consistency ensures jurors are consistent in their hierarchy of ratings.

For example, if a juror rates Sound 1 more annoying than Sound 2, and rates Sound 2 more annoying

than Sound 3, then the juror should rate Sound 1 more annoying than Sound 3.

Another check method is Concordance. This method checks whether an individual juror “follows the

pack” with his responses. Were the juror’s selections very different than the rest of the jurors? If a juror

does not follow the pack with his responses, he is given a low concordance score[com].

3.2 Subjective rating assessment by measured objective metrics

The most accurate way to rate sound quality is by performing a jury test; however, jury tests require a lot of

time and human resources. To overcome this problem, jury tests results can be correlated to objective sound

quality metrics. The logic behind performing subjective to objective correlation centers on the concept that

one can possibly replace subjective testing with more objective characterizations of the stimuli. By doing

this, one can reduce subjective testing that is costly from a time, equipment, facilities and general logistics

standpoint.

Many researches study how to correlate objective sound quality metrics to subjective rating (jury test

results) using some mathematical calculations. Dedene, et al. utilized multiple regression methods to assess

a parametric model that is able to predict the subjective sound quality metrics performed by jurors by means

of objective metrics [Ded+98]. Wang and Subic studied side mirror vehicle sound quality and correlate

the subjective rating with objective metrics using two different mathematical models. sound pressure level,

roughness, and tonality were the main sound quality metrics that have been used in their correlation algo-

rithms [WS11]. Li et al. developed an Artificial Neural Network (ANN) to estimate subjective sound quality

metrics using objective metrics in hub permanent-magnet synchronous motors. They achieved average error

rate of 3.97% with weight analysis [Ma+16]. Lopes acquired data from an aircraft interior cabin and conduct

a jury test to evaluate them. Then, he performed a correlation between objective and subjective results by
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ANN, developed a virtual passenger model that is able to directly predict human perception from the sound

samples [Sá 18].

Jury tests are time-consuming and required significant human resources. However, objective sound quality

metrics are directly calculated from the recorded noise and do not involve people as jurors. Also, its calculation

is so fast in comparison to conducting a jury test [Bat+21]. The scientific community working in this field

has tried to identify strategies to correlate subjective rating with objective sound quality metrics in order to

obtain subjective assessment directly from a set of objective sound quality metrics (with no necessity of jury

tests).

Artificial intelligence algorithms are able to learn linear and non-linear relations between different pa-

rameters. Then, they can reproduce the data and predict new data that they have never seen. Among

these algorithms, one of the most powerful ones to perform prediction is Artificial Neural Network (ANN).

According to this feature, ANN was employed to perform prediction between subjective rating and objective

sound quality metrics.

Figure 3.1: Neural Network arrangement and design

ANN that is inspired by living neural networks consists of elements that are constructed in parallel. It is

a data processing system in which a multitude of simple tiny elements work as an interconnected network and

process the data. Since each element works like a neuron in a living neural network, the elements are called

neuron. By arranging the neurons in a network and utilizing a learning algorithm, the Neural Network will

be training with the data, which means learns the relations between them. An example of Neural Network

is the Multilayer Perceptron ANN with two hidden layers, and the networks were trained by Feed Forward

Backpropagation algorithm. A schematic of the network is shown in Fig. (3.1).

As an example, we report a study performed to explore the potentials of different feature identification

approaches for correlating objective metrics and subjective rating provided by jury tests. The data set that

has been used is the interior noise of a Dornier aircraft and the result of subjectively evaluating by jurors. The
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data are split into the input and output sets, and the model tries to predict the output parameter according

to the input parameters.

Artificial Neural Network and two regression models (i.e. linear and quadratic regression models) have

been chosen to predict subjective metrics according to the objective data.

An essential and popular statistical modelling tool that can find data relations is regression. Linear

regression uses a linear model approach to show the connection between a response variable and explanatory

variables. In this case, it is assumed that one or more explanatory variables that are relatively independent

can predict response variable in terms of linear relations but can not predict non-linearities [Boy+20].

Non-linear regressions are able to find out what is the non-linear connections between variables. A

quadratic regression model is a non-linear regression that shows the response variable as a function of ex-

planatory variables using a polynomial degree 2 [FA+21].

Figure 3.2: Prediction results calculated by Linear regression model

The annoyance prediction results over the actual annoyance that are shown in Fig. (3.2), Fig. (3.3), and

Fig. (3.4) are respectively performed by linear, quadratic regression and ANN. R squared and adjusted R

squared are displayed in each figure for train and test data sets. Output of the training data is represented

with blue stars, while the test output data are shown with red stars. The line y = x is represented as a

perfect model so that as long as the data points are closer to this line, it can be inferred that the model

predicts correctly. Therefore, as perceived by Fig. (3.2), Fig. (3.3), and Fig. (3.4) the Neural network has the

best prediction performance among the two regression models in terms of R squared and adjusted R squared.

Likewise, the quadratic regression model has better prediction performance than linear regression.
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Figure 3.3: Prediction results calculated by quadratic regression model

Figure 3.4: Prediction results calculated by the Artificial Neural
Network





Chapter 4

Conclusion and Outlook

This report is intended to give a brief overview of the research methodology and the first results obtained by

implementing state of the art techniques in probabilistic metamodelling.

The initial approach was to understand the direct relationship between the Sound Pressure Level (SPL) and

various parameters such as frequency, velocity, the type of body, tire profile, etc. The focus was on the

path for which the adequate measurement data was available i.e. aeroacoustics and rolling noise in our case.

In-depth literature survey has been performed to first understand the physics of the problem for different

sources, probabilistic modelling (Bayesian inference for uncertainty quantification using Markov Chain Monte

Carlo - MCMC simulations) as well as to understand the state of the art in surrogate modelling techniques.

Initially, models based on Polynomial Response surface are developed for aeroacoustics noise that captures

the behavior fairly well. Tire-road noise (also called as rolling noise) is comparatively more complex than

aeroacoustics due to its dependency on several parameters related to tire and road profile. An additive model

consisting of higher order polynomials and Gaussians is able to approximate the surrogate function consisting

of just two parameters (frequency and speed). Other parameters can be categorized as nuisance categorical

variables (Ordinal and Nominal). Several different formulations have been studied (and are still being studied)

that revolve around Bayesian framework wherein the expert/previous knowledge about the parameters can

be used as an apriori information. Next task will be to combine these different sub-metamodels in order to

predict the masking noise. Similar and more advanced approaches will be studied for developing surrogates

for electric motors NVH.

In the case of doing correlation between objective and subjective sound quality metrics, it is planned

to get more reliable subjective rating results by monitoring the human response to biological stimuli while

jurors are doing the jury tests. Then objective sound quality metrics will be correlated with subjective sound

quality metrics using Artificial Neural Network. This correlation will allow us to get the subjective sound

rating without doing any jury test, and save time and resources, since performing jury tests are very time

consuming and required considerable human resources.

19



20 Chapter 4. Conclusion and Outlook

Considerable next steps for this work’s future would be finding a way to make the jury tests’ results more

reliable by identifying the degree of involvement of the jurors. In addition, the uncertainty of jurors’ answers

would be quantified, and the answers provided by the jurors will be evaluated and weighed to make the

more reliable answers more effective in the final result. Then, it will be possible to filter out the unreliable

answers.
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1 Introduction 

European regulations on reducing emissions and improving fuel economy are becoming more 
stringent, and the automotive industry is pushing for new and advanced eco-driving solutions. 
More precisely, the term “eco” refers to the innovative technology for power generation that 
aims to significantly minimize its impact on the environment. The goal is to reduce pollutant 
emissions and energy consumption. 

Another important aspect is the evaluation and optimization of Noise Vibration Harshness 
(NVH) in Hybrid and Electric Vehicles (HEV). Currently, the standardization of vehicle noise 
emissions by European regulations aims to reduce the noise pollution of urban areas. Vehicle 
acoustic and vibration related issues are here usually addressed by imposing constraints at 
the design stage in order to pass the homologation test (i.e., pass-by noise regulation). In 
addition, there is psychoacoustics to consider that aims to better understand the human 
perception of sound in the car and improve sound quality. In the later stages of design, 
countermeasures are often taken like: i) a passive solution consisting of dampening vibrations, 
resulting in reduced noise and limiting the main NVH sources in the vehicle or ii) controlling 
the active sources by minimizing the acoustic features that affect driver and passenger comfort. 
From the perspective of optimizing the eco-powertrain NVH, it is important to assess the impact 
of control parameter adjustments that positively affect the noise and vibration behaviour. 
Nevertheless, changing these control parameters primarily affect the powertrain performance 
and the efficiency. This means that complex multipurpose control optimizations need to be built 
to optimize both efficiency and NVH. 

Control-oriented models that predict performance as a function of powertrain design and 
operating conditions have recently been developed to control pollutant emissions and improve 
energy management. Incorporating NVH aspects into optimization objectives is a new 
approach that aims to design more efficient and high-quality vehicles. 

 

2 Impact of Electronic Control Unit parameter settings on NVH 

The Electronic Control Units (ECUs) are the “brains” of the vehicle. These are based on digital 
microcontrollers that execute control algorithms. The goal of the power unit or ECU is to control 
the operation of the powertrain by acting on some input parameters (switches, actuators) and 
getting some outputs (high performance, low pollutant emissions, low consumption, etc.). 
Depending on the architecture of the power unit, the input parameters managed by the ECU 
almost indirectly affect the NVH behaviour of the engine/motor and passive components 
mechanically linked to it like the transmission, the frame, and the chassis. Finally, it changes 
the driver and passengers’ perceptions inside the car. 

When it comes to electric vehicles (EVs), there are two main noise sources: power electronics 
and the motor itself. Three-phase inverters are typically used in automotive applications to 
drive electric motors. Such an inverter contains six electronic switches implemented by a power 
insulated gate-bipolar transistor (IGBT) or a silicon controlled rectifier (SCR) device that 
connects two DC power terminals. Motors are used in EVs both to convert electrical energy to 
mechanical energy and to convert mechanical energy to electrical energy (generators). The 
most suitable electromechanical machines for traction are AC motors, especially Permanent 
Magnet Synchronous Motors (PMSM), Wound Rotor Synchronous Machines (WRSM) and 
Switched reluctance motor (SRM). The noise emitted by the E-motor can be divided into three 
components: i) aerodynamic, ii) mechanical, and iii) electromagnetic acoustical noise. The first 
two are usually less load dependent and are usually controlled by design considerations. 
Electromagnetic noise is usually more sensitive to load levels and it is directly related to the 
control switching strategy implemented by the inverter using the Pulse Width Modulation 
(PWM) schemes. The PWM technology is based on the fact that the armature current is not 
related to the instantaneous value of the armature voltage, but only to these quantities of low 
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frequency components or time averages at finite intervals. This characteristic allows the three-
phase excitation voltage to be approximated by three square-wave voltages, the instantaneous 
values of which is either the battery or the ground voltage. Implementing this technique causes 
modulation around the basic switching frequency and its integer multiples [1]. One solution to 
reduce the switching noise is to change the switching pattern of the inverter by randomization 
the PWM. These techniques tend to split and diffuse the spectrum in order to avoid high tonal 
component levels. Supplying a series of harmonic currents of the same magnitude at a 
particular frequency is another approach to increasing the output voltage of the inverter, 
lowering the level of electrical harmonics at the output, and lowering the sound pressure level 
of the system [2].  

In the case of Internal Combustion Engines (ICE), the generated noise can be divided into two 
parts. The first is the mechanical noise caused by the movement of the mechanical parts. The 
alternating masses associated with the pistons and portions of connecting rods generate 
alternating inertial forces and the crankshaft produces centrifugal forces. Both excite 
resonances in the engine block, valve train, transmission and driveline, and can cause certain 
noise and vibration problems such as gear rattling and booming noise. The second source of 
vibration is the combustion process that occurs during the thermodynamic cycle. Combustion 
noise correlates with the pressure changes that occur in the chamber. The more abrupt the 
pressure changes, the louder the combustion noise. In addition to the combustion forces, the 
flow of the intake and exhaust gasses is another source of noise and dynamic stimulus. The 
combustion is the source most strongly affected by the ECU calibration parameters: injection 
and ignition timing, multiple injections, and lambda values are just a few of the calibration levers 
that strongly affect the combustion process. Due to strict European regulations, the ECU 
combustion calibration procedure for ICEs is primarily aimed at reducing the fuel consumption 
and emissions. The optimization process improves the power-to-weight ratio of the engine. 
This increases the peak firing pressure which in turn affects the load that excites the engine 
block, the transmission, and the rest of the driveline. It is especially true for the new ICE 
downsized powertrain designs that uses higher charge densities thanks to the turbocharging. 
Another example is a new low temperature combustion process under development for 
compression ignition engines (Homogeneous Combustion Compression Ignition, Pre-mixed 
Combustion Compression Ignition [3]) which guarantee a strong reduction of pollutant 
emissions. It supports a quasi-homogeneous charge and the premixed combustion phase, 
consequently generating high values in the derivative of the combustion pressure evolution 
and thus producing higher combustion noise. The key challenge in these cases of powertrain 
development is to find the optimal compromise between eco-efficiency (fuel consumption, 
emissions, energy balance, etc.), power and NVH comfort. In the case of direct injection, there 
are injection shaping, and multiple injection as measures to reduce combustion noise. For 
indirect injection engines, the peak firing pressure control is essential to reduce combustion 
noise.  

HEVs not only share the same powertrain noise sources as ICE and electric driven vehicles 
but also exhibit the unique noise produced by the combination of these sources during dynamic 
operation. Simultaneous operation and interaction of the electric motor and the ICE creates 
complex harmonic spectra by the intersection of orders created when the E-motor(s) and ICE 
are operating at independent velocities at the same time. In addition, sometimes there is not 
relationship between the speed of the ICE and the vehicle speed, and the start / stop operation 
of the ICE creates an unintuitive feeling that is normally not pleasing to the customer. These 
operations are the result of an optimization process that only considers the efficiency and the 
power supplied. Awareness of these new NVH aspects is also of paramount importance to 
include in this control design process. 
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3 Multi-attribute optimization strategies 

Given the complexity of EVs and HEVs and the need to reach performance and comfort goals, 
it is important to develop optimization routines that can weigh different attributes and find the 
best compromise.  

According to [4] the power and energy management for HEVs, Plug-in HEVs (PHEVs) or EVs 
have two different layers: i) low-level component control and ii) high-level supervisory control. 
Low-level component control is a major step in power and energy management control design. 
The most relevant component controls in eco-efficient powertrains are the power electronics, 
ICE controls and their sub-systems, and the automatic transmissions. The high-level 
supervisory controls are required if the vehicle has more than one power generators (hybrid 
traction) or multiple energy sources (hybrid source: battery and ultracapacitors). 

The control of AC machines for automotive application is usually realized with a vector control. 
This approach ensures high accuracy and excellent dynamics for use with closed-loop 
feedback control. The most commonly used technique is called Field Oriented Control (FOC). 
By separating the stator currents as two orthogonal components that define the magnetic flux 
and the torque (which can be visualized as a vector).The torque generation component of the 

stator flux can be controlled independently. Finally,the generated vector commanded signals are 
sent to the modulator (PWM) to control the inverter and finally the E-motor.For ICE, control is 
typically based on look-up tables that contain control parameters for each engine operating 
point (speed load) defined in the control calibration phase. Open-loop and closed-loop control 
are also implemented for combustion controlling purposes. The main actuators controlled by 
the ECU are basically the fuel injectors and ignition system (in case of spark ignition systems). 
The control algorithms implemented in the engine control unit also take into account special 
requirements in certain situations (e.g. cranking, hard acceleration, idle state conditions), 
where the control criteria can deviate significantly from the nominal operating conditions. 

In HEVs, using electrical machinery as an additional motor gives the drive unit more freedom 
and requires the development of a so-called operating strategy to efficiently coordinate both 
energy converters. By optimizing high-level, constrained supervisory control, we ensure that 
the hybrid operations are ideal for some dynamic criteria. Hybrid drivetrain optimization and 
control is increasingly based on system modelling, as opposed to purely empirical heuristic 
strategies [5]. 

There are two classes of high-level supervisory control: i) rule-based control and ii) control with 
an optimization approach [4]. Rule-based control is based on engineering knowledge, 
heuristic, and mathematical models, pre-defined driving cycles, and vehicle load levelling 
strategies. Thermostat control, finite-state machine control and fuzzy logic control are 
examples of rule-based strategies. The control optimization approach focuses on analytical 
operations that can minimize cost functions. Linear programming, control theory approaches, 
optimal control, dynamic programming, and genetic algorithms are examples of optimization 
approaches. In addition, machine learning needs to solve highly non-linear problems and is 
becoming increasingly important in the engineering context where higher level of abstraction 
reduce valuable information. 

In order for NVH comfort to be part of this optimization process, it is necessary to introduce a 
control platform that can integrate these aspects by replicating and analyzing the behaviour of 
changing control parameters in various operating cases.  

 

4 From the control setting to the driver’s ear 

The context proposed to carry out this study consists in a functional lumped-parameter-model 
that represents the interface between the propulsion unit and other vehicle sub-systems (i.e., 
drivetrain, battery, Electronic Control Unit, etc.) in a multi-domain simulation platform. Data 
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from numerical simulations (Finite Element Method) and experimental tests are combined with 
the lumped parameter model results to evaluate the propagation of the vibro-acoustic loads 
through the vehicle structure. Optimal controls need be developed to limit the noise pollution 
and improve the energy balance of the vehicle. This control strategy will be developed within 
a multi-domain simulation model that will run in a real-time co-simulation with the acoustic 
models on an interactive vehicle simulator platform. With sound synthesis and auralization 
techniques, a vehicle sound simulator is used to reproduce and evaluated interior noise. In this 
simulator, the driver will be able to listen and subjectively judge the acoustic effects of the 
calibration settings in an interactive driving environment, while the efficiency evaluation will be 
performed in real-time through the co-simulation of the 1D powertrain model. 

4.1 Model based system testing 

In the automotive industry, the combination of mechanical, hydraulic, electrical, and software 
systems is increasing the complexity of vehicles. As components become more complex, the 
number of intersections among different vehicle sub-systems increases. A multi-domain model-
based system testing (MBST) is required to manage these complex interconnections. The 
model is described by nonlinear time-dependent analytical equations [6]. For the purposes of 
this study, we model a multi-domain lumped-parameter system of the powertrain and its control 
logic to assess the impact of the control strategies in various aspects such as energy balance, 
fuel consumption, thermal behaviour, vehicle dynamics, emissions, vibrations, etc. Data from 
2D and 3D simulations can be added to the model for a more realistic modelling of the different 
components. 

By incorporating sound synthesis into this multi-physics platform and developing the Vehicle 
Sound Simulator (VSS), NVH engineers have access to tools for evaluating and optimizing 
heterogeneous attributes within a single digital-physical platform [7]. Using MBST technology, 
vehicle performance is reproduced in a co-simulation and real-time framework that integrates 
the vehicle’s NVH model and manages driver inputs (throttle, brake, gear, steering, etc.). The 
calculated vehicle performance variables (engines speed, speed, CAN output, etc.) can be 
used to feed the acoustic model and perform live synthesis of vehicle sound and vibration. In 
realistic audio/visual/tactile scenarios, the user is asked to drive the simulator and to evaluate 
the NVH attributes reproduced during the driving experience.  

Given the NVH aspects of the vehicle and its ability to analyse energy management in the 
same environment, the model-based multi-physics platform is the suitable approach for control 
design and the development of various strategies with the aim to optimize the powertrain 
performances. 

4.2 Linking Component TPA with Sound Synthesis 

The Transfer Path Analysis (TPA) is a powerful tool for mathematically identifying the 
transmission of mechanical vibrations. Understanding the source excitations and the transfer 
functions that characterize how noise and vibrations are transmitted from the source to the 
target location breaks down the perceived vibration into its contributors and identifies the 
dominant paths. The classic approach is to test the assembled system to get interface forces 
between the active and the passive side. However, interface forces are typical of the 
assembled system where they have been estimated and they cannot be transferred to another 
receiver since they depend on the assembly. As a result, the measurements are sensible to 
sub-systems modification and the classical TPA approach cannot guarantee the 
characterization of the source alone. This means that new operational testing is required for 
every change in the system design. In contrast, component-based TPA can be used to 
characterize a source component independently of the receiver structure and predict its 
behaviour when coupled to different receivers. The source is characterized by a set of forces 
or velocities that are properties of the source component itself. By applying the measured 
forces to the Frequency Response Functions (FRFs) of an assembled system, the prediction 
of the overall source contribution is ensured without having to physically connect the source 
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and receiver. If the assembled system is not physically available, the FRFs of the coupled 
system are calculated starting from the FRFs of the subcomponents according to the 
Lagrange-Multiplier Frequency Based Sub-structuring (LM-FBS) methodology [8,9]. This 
technique allows you to combine experimental and numerical data. This allows to front-load 
the complete vehicle-level system assessment throughout the development process into a 
Virtual Prototyping Assembly (VPA) technology. 

In this framework, with the perspective of evaluating the full vehicle sound and vibration 
performance at a defined target position (e.g., driver’s ears), different sources are considered, 
through the computation of the paths’ partial contributions to the target by means of proper 
transfer functions. Target predictions can also be performed in the time domain. The time 
domain blocked forces are determined from response time data by converting the FRFs into 
finite impulse response (FIR) filters [10]. These time domain blocked forces are then used to 
synthesize time domain target responses in the target assembly for auralization, that is the 
procedure designed to render the experience of acoustic phenomena as a sound field in a 
virtual space. With a complete operational test plan that covers the entire speed-load 
conditions of the vehicle and sub-systems under analysis, and coupling the data obtained with 
the computed FRF’s is it possible to recreate a vibro-acoustic model of the in-vehicle binaural 
sound as function of some characteristic parameters that express the dynamic of the system 
(e.g., vehicle speed, engine/motor rotational speed, torques, gear selected, etc..).  

 

4.3 Sound decomposition and modelling 

The integration of the spectral data obtained with the above-mentioned process for different 
speed-load condition is realized with the use of dedicated synthesis strategies necessary to 
discern the tonal and the spectral components and exploiting frequency-based and order-
based data encoding methods. The database obtained is called Sound Quality Equivalent 
(SQE) Model and it could contain the acoustic data related to the studied source and, in 
addition, the information of the other acoustic sources, each one with its own sound 
characteristics, that are part of the vehicle, and that help the listener to evaluate the “acoustic 
assembly” in a more realistic way. Such a database can be obtained from the decomposition 
of experimental noise recordings of specific manoeuvres on the tested vehicle (top-down 
approach) – provided the availability of a physical prototype – or by assembling information 
from components tested experimentally on benches or numerically (bottom-up approach) [7]. 
Modelling the signal components in function of throttle position, velocity and rpm allows 
interactive real-time sound synthesis [11]. 

Order tracking approaches, based on angle-time cyclo-stationarity, permit the extraction of 
tonal components from acoustic signals with harmonic components generated by rotating 
elements as a function of the rotational speed: in this way the order amplitudes and phases 
are calculated and stored in the SQE model as function of tracked speed. Some of the order 
tracking techniques are based on the Fast Fourier Transform technique: among them the 
TVDFT ensures the transformation from time to order domain without the necessity to angle 
base resampling [12,13]. 

The narrow-bands synthesis algorithm is used to model and synthesize broadband sound 
components of stochastic nature such as rolling and wind noise. The narrow band synthesis 
approach is obtained by applying every time interval the inverse DFT to a sound spectrum that 
has a real amplitude information and approximate random phase. Similar to the grain 
synthesis, the decomposition generates a signal fragment filtered with a half sine window for 
each instant of time. To obtain the complete synthesis, each fragment is summed to the rest of 
the signal [14]. 

Currently, sound decomposition is mainly a manual and error-prone operation. For this reason, 
attempts to develop automated and adaptive algorithms for harmonic detection based on 
psychoacoustic metrics are under study.  
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Fig 1. Results of the automatic order sensing algorithm for a run-up manoeuvre of an EV vehicle. Left hand side: 
original spectrum obtained with TVDFT method. Right hand side: spectrum after the post-processing where only 
the relevant tonal components have been maintained. The orders automatically selected coincide with the ones 

selected by the NVH engineer through a manual time-consuming operation. 

 

5 Application case: Electric power unit and the modulation control 

The first step in the process is performed using the Model-Based System Testing (MBST) 
technology. A high frequency, non-linear, lumped parameter modelling of an electromechanical 
machine has been realized. Its electromagnetic characteristics are modelled based on look up 
tables of torques and flux linkages as a function of rotor angle and currents. These data are 
obtained from Finite Element Method (FEM) computations (design parameters of the machine 
are needed). This model takes into account all the non-linearity and the high-frequency 
behaviour associated with PWM current generation. A field-oriented motor control computes 
the voltage command according to the torque request. A space-vector PWM inverter control 
translates it into transistor commands. The modulation schemes (Space Vector PWM, 
Discontinuous PWM1/2/3, etc.), and the switching frequency are the two main PWM control 
parameters that are modified to assess the effects on the current spectrum. Other parameters 
related to the field-oriented control can also be considered later in the study. Other sub-
systems that are part of the model are the high-voltage battery for evaluating energy 
consumption and the vehicle dynamics model for reproducing aerodynamic drag and the rolling 
resistance loads applied to the motor during the driving profiles. 
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Fig 2. process mapping steps to auralize and to evaluate the calibration setting changes in a vehicle sound 
simulator 

 

The three-phase current waveforms formed by the PWM control are the inputs for the 
electromagnetic 2D simulation to obtain the electromagnetic forces generated by the windings 
along the surface of the stator teeth as a function of the electrical angle and time. Since the 
electromagnetic forces are calculated in the x and y direction, respectively, the following 
equation can be applied to obtain the forces in both radial and tangential direction: 

 

Fr(θ, t) =  Fx(θ, t) cos θ +  Fy(θ, t) sin θ     (1) 

Ft (θ, t) =  Fx (θ, t)sin θ − Fy (θ, t)cos θ    (2) 

 

Here, Fx (θ, t) and Fy (θ, t) are the magnitudes of the electromagnetic force in x and y direction 
respectively, and θ is the angle between the radial direction and x direction. When it comes to 
transmission systems, it must be considered that the engaged gear pairs would produce a 
dynamic force during meshing process. The gear meshing force can be expressed as: 

 

𝐹𝑚𝑒𝑠ℎ𝑖𝑛𝑔 =  𝛥𝑘(𝑡)𝑒(𝑡)  +  𝛥𝑘(𝑡)𝑥 +  𝑘0 𝑒(𝑡) 

 

where Δk(t) is the time-varying meshing stiffness, e(t) is the tooth composite error, k0 is the 
constant of gear meshing stiffness. 

The force field on stator teeth together with the gear meshing force are then integrated to a 
concentrated force and exerted to the vibro-acoustic model of the e-motor. Then, as far as the 
airborne analysis is concerned, the vibration response on the surface of the powertrain 
employed as the boundary condition is transferred to boundary element model to compute 
corresponding radiated noise caused by electromagnetic force and gear meshing force. For 
the structure-borne, response functions will be evaluated at the e-motor and the gearbox 
connections with the sub-frame. 
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Fig 3. Lumped parameter model of the e-machine, the inverter and the other connected sub-systems  

 

Since the goal is to predict the acting loads and contributions in the fully assembled vehicle, 
without physically integrating the source and the receiver, the load description of the 
powertrain, combined with full system Frequency Response Functions, generate these 
predictions. Both experimental or numerical tests can calculate the FRF’s of the entire vehicle, 
if available. Alternatively, sub-structuring techniques can be applied to calculate the FRF’s of 
the uncoupled components that belong to the structural assembly that forms the e-motor to the 
trimmed mass body. In addition, Noise Transfer Function can be used to calculate the paths 
partial contributions to the in-vehicle targets: 

 

𝑦𝑘 = ∑ 𝑁𝑇𝐹𝑖𝑘 ∗ 𝐹𝑖 + ∑ 𝑁𝑇𝐹𝑗𝑘 ∗ 𝑄𝑗

𝑝

𝑗=1

𝑛

𝑖=1

 

 

Where 𝐹𝑖 are the structural loads and the 𝑄𝑗 are the acoustic loads and 𝑛 and 𝑝 are the total 

number of transfer paths considered for air-borne and structure-borne. Finally, applying the 
source load description on the virtual assembly results in the expected noise contributions and 
interface loads. 

If the spectral source data is transformed into the binaural position in the cabin, the techniques 
described above can be used to break down the sound in its harmonics and broad-band 
structures. For harmonics that change with velocity, the TVDFT order tracking method is used 
according to the following equation: 

 

𝑇𝑉𝐷𝐹𝑇 =
1

𝑁
∑ 𝑥[𝑛∆𝑡]𝑒−𝑗Ω[𝑘] ∫ 𝜔[𝑛]𝑑𝑡

𝑛Δ𝑡

0

𝑁

𝑛=1

 

 

where N is the number of samples of the signal 𝑥[𝑛∆𝑡] , Ω[k] the order vector representing the 
order spectrum and ω the instantaneous frequency of the tachometer.  

The amplitude and the phase of each order are tracked as a function of speed for different load 
levels to cover different operating conditions that can be experienced during the simulator free 
driving. At this point, the SQE model contains all the information about the motor, for each 
transfer path needed to run in real-time on the VSS. If the vehicle or a prototype are already 
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available, other acoustic sources like the aerodynamic and the rolling noises could be 
experimentally determined through a complete vehicle testing using a top-down approach. 

 

 

Fig. 4 Sound decomposition methods for creating a Virtual Prototype Assembly 

 

Once the SQE is available and the vehicle’s lumped-parameter model is set up correctly, they 
are co-simulated on the real-time machine. It manages the driver’s input of the interactive 
simulator (throttle, brake, gear, steering, etc.). While driving, NVH engineers can change the 
PWM control settings to instantly evaluate the perceived sound. Energy management 
assessments can be made while checking the instantaneous power consumption or 
performing driving cycle for comparison purposes. 

 

 

Fig. 5 Human-In the-Loop platform that connects the Model Based System Testing technology, the Virtual 
Prototype Assembly (that is integrated in the SQE model), the Vehicle Sound Simulator and the driving station 
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6 Conclusions 

The methodology for optimizing heterogeneous attributes was explained. The multi-domain 
vehicle performance model offers the possibility to tackle different aspects ranging from energy 
consumption to thermal behaviours and from vehicle dynamics to NVH aspects in a single 
simulation environment. The transfer path analysis theory can be used to evaluate how the 
loads from the different vibro-acoustic sources are perceived in the vehicle. By combining this 
theory with synthesis techniques, the acoustic features are isolated and used to create SQE 
models. Auralization and audio-rendering techniques open up new test scenarios to help 
assess new acoustic attributes resulting from the automotive electrification process. Finally, 
the audio-visual interactive platform offers the possibility to subjectively evaluate sound quality 
during driving simulations.  
This platform is then suitable for developing optimization strategies that can use ECU control 
parameters to find the best compromise in terms of NVH, power generation, and energy 
consumption for each operating condition. 
The possibilities of this new approach can be further extended beyond the automotive sector. 
An electric Vertical Take-Off and Landing aircraft (eVTOL) is a special aircraft that uses electric 
motors to hover, take off, and land vertically. Extensions to this methodology will be considered 
in the future in this new mobility application, given that NVH-related issues are rarely 
investigated in this particular vehicle.  
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1 Introduction to component based TPA 

Transfer Path Analysis (TPA) has been a valuable engineering tool for as long as noise and 
vibrations of products are of interest. A TPA concerns the study of a product's actively vibrating 
components (such as engines, gearing systems or turbochargers) and the transmission of 
these vibrations to the connected passive structures. 

TPA is particularly useful when the actual vibrating mechanisms are too complex to model or 
measure directly, as it allows to represent a source by forces and vibrations displayed at the 
interfaces with the passive side. 

In this way the source excitations can be separated from the structural/acoustic transfer 
characteristics, allowing to troubleshoot the dominant paths of vibration transmission. 

The engineer can then anticipate by making changes to either the source itself or the receiving 
structures that are connected to it. 

A TPA study often rises from the need to reduce some sort of undesired noise or vibration, for 
instance to improve product comfort or lifetime, ensure safety or preserve stealthiness. 

Aside from automotive development, applications are seen in industries ranging from marine 
and aeroplane engineering, building acoustics and acoustic modelling of musical instruments. 

A TPA study is generally motivated by one of the following desires: 

1. Secrecy: perhaps the earliest TPA studies were motivated by the need to reduce the 
transmission of engine vibrations in military ships and submarines in order to make 
them stealthy. Many publications in the 1950s and 1960s document on isolation of ship 
engines by means of absorbers and decoupling mechanisms to minimize the 
transmission through the interfaces. 

2. Safety: along with the rapid development of aeroplanes and spacecraft in the 1960s, 
TPA concepts started to be of use to study fatigue and stability (flutter) problems due 
to active or induced vibrations. 

As sources of vibrations are much more persistent in aeronautics (think of vortex-
induced vibrations) focus was on characterizing the passive transfer paths by means 
of modal analysis. 

3. Comfort: over the last decades TPA tends to be particularly associated with optimization 
of Noise, Vibration and Harshness (NVH) as commonly encountered in the automotive 
industry. 

The majority of recent developments and commercial solutions have been tailored 
towards this engineering society or related industries and are driven by the increasing 
customer expectations on acoustic comfort. 

In response to the evolving demands, TPA methods have been under continuous development 
and their family members have grown numerous. 

Some designations that found their way into literature include Operational TPA (OTPA), 
Operational Path Analysis with eXogenous inputs (OPAX), blocked-force TPA, Gear Noise 
Propagation, in-situ Source Path Characterization and Virtual Acoustic Prototyping. 

Very often those methods are presented from highly case-specific derivations. 

Not surprisingly, as the underlying physical concepts are similar, many of the above-mentioned 
show strong similarities or are even identical. 

A TPA workflow can typically be subdivided in the following steps: 

(a) operational measurement on the active component; 

(b) determination of the passive (sub)system characteristics (commonly by means of 
FRFs); 

(c) determination of interface loads; 

(d) identification of path contributions. 

The steps are shown schematically in Figure 1. 
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Figure 1 - The TPA workflow, depicted stepwise for the three TPA families 

 

Depending on the TPA method at hand, some or all of these steps may be performed in 
arbitrary order. 

The optimization actions that follow from such an analysis are generally not considered part of 
the workflow. 

A fundamentally different class of methods is that of the component-based TPA. 

The interface forces obtained from a classical TPA are not a characteristic of the source alone 
but of the assembled dynamics. 

For that reason, a classical TPA cannot predict the effects of subsystem modification, as one 
would need to conduct a new operational test for every change in design. 

Indeed, the interface forces measured in an assembly AB are not transferable to an assembly 
with another receiving side B. 

Component-based TPA tries to characterize the source excitation by some set of equivalent 
forces or velocities that are an inherent property of the active component itself. 

The responses at the receiving side can be simulated by applying these forces to the FRFs of 
an assembled system with the active part shutdown. 

Hence, the dynamic interaction with the passive side is accounted for in a later stage, at least 
not during operational measurements. 

This allows defining a testing environment that is ideal for operational measurement on the 
active component, explaining the denotation component-based. 

Interestingly, with respect to the origin of component-based TPA theory, literature has been 
very unambiguous. 

As mentioned in section 2, some researchers have found inspiration in acoustics or electronic 
network theory  

Others derived similar theories from a structural-mechanical point of view or dynamic 
substructuring techniques. 

As a consequence, a wide variety of component-based TPA methods have been derived, 
largely independent of each other. 
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2 Application 1: Modelling, design and testing of electric vehicle 
drivetrain acoustic 

The aim of this project is to develop methods to predict the structure borne noise transmission 
and the overall sound pressure level at the driver’s ear in future electric cars. 

The prediction includes the transmission of the structure borne noise from the excitation from 
the electrical drive train (electromagnetics and gear whining noise), through the elastomer 
mounts and the chassis to the driver’s ear. 

Various FRF’s (frequency response functions) describing the dynamic behavior of different 
subsystems of the vehicle are coupled using dynamic substructuring to predict the vehicle 
behavior. 

The PhD thesis will improve the methods themselves (such as a higher frequency range, 
simulation of rubber mounts or mechanical acoustical transfer function of the car body) as well 
as apply them to derive a better understanding of structure borne electrical drive train 
acoustics. 

2.1 Domain decomposition and Dynamic substructuring in frequency domain 

The theory that will be used to study the propagation of the signal through the various 
substructures of a car is the Dynamic Substructuring technique. 

 

Figure 2 - Hystoric overview of domain decomposition 

The roots of Dynamic Substructuring can be found in the field of domain decomposition as a 
second level of decomposition. 

Historically, one of the first procedures for domain decomposition comes from the 
mathematician Hermann Schwarz who came up with an iterative procedure which allows to 
solve continuous coupled subdomains. 

Sadly, many analytical models didn’t have a closed-form solution, for this reason discretization 
and approximation techniques gained a broad popularity. 

These methods can be considered as "first level" domain decomposition techniques. 

To improve the efficiency of finite element solvers, complex problems started being separated 
into subdomains solved for the interface coupling iteratively. 
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This can be seen as a second level domain decomposition. 

For dynamics modelling, a way to further increase the analysis efficiency consists in reducing 
the complexity of the individual subdomains. by representing substructures by means of their 
general responses and no longer through their detailed discretization.  

 

Figure 3 - different domains for Dynamic Substructuring 

Dynamic Substructuring can be performed in different domains: Physical, Modal, State-Space, 
Time and Frequency domain. 

The same information is contained in all different representation and it is possible to switch 
from one domain to the other following particular transformation. 

Dynamic substructuring in frequency domain or Frequency Based Substructuring is the domain 
of interest for my project and the domain that has become the most commonly used for 
substructuring, because of the ease of expressing the differential equations of a dynamical 
system by means of its Frequency Response Functions and the convenience of implementing 
experimentally obtained models with numerical ones. 

 

2.2 Project outlook 

Figure 4 tries to synthesize what my research is about. 

The acoustic chain of interest is the excitation produced from the electric drive unit and the 
gearbox that propagates through 2 different paths. 

1. 1 One path is the Structure-borne sound path where the vibration signal is transferred 
through elastic connections from the electric motor, to the rear axle carrier and then to 
the car body before reaching the pilot 

2. One second parallel path is the Air-borne sound path where the displacement of the 
electric motor excites the car body and, by consequence, generates a pressure in the 
air that surrounds the driver. 

The main goal of this thesis is to define two transfer functions for those two paths and obtain 
the final sound pressure level at the driver’s ear inside an electric car. 
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Figure 4 - application of interest for transfer path analysis 

 

Figure 5 describes the first of the two above-mentioned paths: the structure-borne noise path. 

This is the system of interest for the propagation of the engine excitation through the structural 
components of the car. 

 

 

 

Figure 5 - structure-borne noise sound path 

The presented structure is taken into analysis and is composed by three main substructures: 
the source of excitation is the electric drive unit which is connected over a double mounting to 
the rear axle carrier. 

The rear axle carrier is the connected with again four hydraulic rubber mounts to the body of 
the vehicle. 

Here, a trimmed part of the car body is considered instead of the whole one. 
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In this schematic representation of the system, it is possible to identify a total of 4 plus 4 
coupling points represented by a stiffness connecting the 3 structures. 

In this way it also possible to see this system as a modular transmission model where 
interchange, optimization and re-use of individual subsystems is allowed. 

As introduced before, the goal of this research is to predict the sound pressure level at the 
driver’s ears. 

Figure 6 shows the main factors that will contribute to the overall noise inside the cabin of a 
car. 

Structure-borne noise is not the only contribution, the Air-borne noise generated from the 
vibration of the electric motor and the car body might also be taken into account and evaluated 
with Transfer Path Analysis techniques. 

If possible, the contribution of the Wind Rolling Noise will be also evaluated. 

 

Figure 6 - main contributors to Sound Pressure Level inside the cabin of a car 

Parallel to the Structure-borne noise path there is the Air-borne noise which is caused by the 
volume displacement of the air particle, excited by the electric drive-unit, and transmitted 
through the air. 

By now, the idea for taking into account this phenomenon is to measure the Air-borne noise 
transfer function inside a prototype of the vehicle and then predict its contribution to the final 
Sound Pressure Level at the driver’s ears. 

One way of doing that could be measuring the airborne noise transfer functions in the vehicle 
prototype and predict the airborne path contribution with the blocked volume accelerations of 
the electric drive unit. 

Two other phenomenon that might be taken into account at the very end of this research are 
the noise contribution produced by the wind and by the rolling of the tires. 

The idea is once again to measure their contribution over the whole frequency range and add 
them as a background noise to the over Sound Pressure Level. 
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One should note that the displacements coming from the tires could excite the electric drive 
unit and the rear axle carrier: for this reason it could also be interesting to study the Structure-
Borne Noise propagation coming from the wheels of the car. 

2.3 Dynamic substructuring 

This subparagraph would like to give a very short overview of the equations which are used in 
the dynamic substructuring technique. 

Equation 1 - Equation of motion, equilibrium condition and compatibility condition of an assembled system 

{
(−𝜔2𝑴+ 𝑗𝜔𝑪 + 𝑲)𝒖(𝜔) = 𝒁(𝑗𝜔)𝒖(𝜔) = 𝒇 + 𝒈

𝑩𝒖 = ϒ𝝀
𝑳𝑇𝒈 = 𝟎

 

The system of equations showed in Equation 1 is composed by the equation of motion, with 
the internal 𝑔 and external forces 𝑓, the equilibrium condition and the interface compatibility 
condition. 

𝑩 is a signed Boolean matrix if the degrees of freedom are matching and 𝑳 is the Boolean 
matrix localizing the interface degrees of freedom of the substructures in the global dual set of 
degrees of freedom. 

By definition, 𝑳 represents the null space of 𝑩: 𝑳 = 𝑛𝑢𝑙𝑙(𝑩). 

Here, 𝜆 are the Lagrange multipliers, corresponding physically to the interface force intensities. 

In case of a rigid coupling between structures the second equation should be equal to zero, 
which means that the displacements 𝒖 on one interface are equal to the displacements on the 
other interface. 

In our case the structures are connected through elastic connection, therefore we introduce a 
compliant coupling condition saying that the difference of the displacements between the 
interfaces should be equal to the product between the internal forces 𝜆 and the inverse of the 
rubber mount stiffness. 

The dual assembled formulation is obtained by imposing that the internal forces 𝑔 on the two 
interfaces of a connected structure are equal and opposite in sign to the Lagrange multiplier 
𝜆. 

Equation 2 - dual formulation 

𝒈2
𝐴 + 𝒈2

𝐵 = 𝟎 ⇔ 𝒈 = −𝑩𝑇𝝀 ⇒ {
𝒈2
𝐴 = 𝝀

𝒈2
𝐵 = −𝝀

 

This condition satisfies a priori the interface equilibrium; the system can be reduced then to a 

two-equation system as shown in Equation 3 where 𝒀 = 𝒁−1 = (−𝜔2𝑴+ 𝑗𝜔𝑪 + 𝑲)−1. 

Equation 3 - Dual formulation of an assembled system 

{𝒖 = 𝒀
(𝒇 − 𝑩𝑇𝝀)

𝑩𝒖 − ϒ𝝀 = 𝟎
 

With a few more processing steps it is possible to extract the term 𝜆 and substitute it back in 
the first equation to obtain the well-known dual Frequency Based Substructuring equation of a 
coupled system. 

Equation 4 - Dual Frequency-Based Substructuring with compliant coupling 

𝒖 = 𝒀𝒇 − 𝒀𝑩𝑇(𝑩𝒀𝑩𝑇 + ϒ)−1𝑩𝒀𝒇 

Where 𝝀 = (𝑩𝒀𝑩𝑇 + ϒ)−1𝑩𝒀𝒇. 

This formula has to satisfy the coordinate compatibility and force equilibrium to guaranty that 
the different substructures are connected. 
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Because a compliant coupling was used, the compatibility has been adapted with the flexibility 
of the connection of the interfaces, which means that the mount stiffness is included inside the 
calculation. 
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3 Application 2: “Novel time-domain substructuring 
approaches to develop future component-based TPA 
approached” 

Nowadays, dynamic substructuring is mainly explored in frequency domain. Yet, some 
applications would profit from time domain analyses (for instance, real-time 
substructuring). Due to the suitability of state-space models to deal with problems posed 
in time domain, the group of dynamic substructuring techniques named state-space 
substructuring seems to be promising to extend the applicability of this concept into time 
domain. However, this family of methods is still under investigation, not being so well 
established in literature as the frequency-based ones. 

Therefore, we aim at investigating this kind of methods to develop state-space 
substructuring (SSS) techniques, that are suitable for analysing components rigidly/non-
rigidly connected. As greater milestone, we are seeking to increase the global knowledge 
and interest of the engineering community in the field of SSS methods by demonstrating 
the value of these approaches to tackle challenging non-stationary applications, e.g 
involving time-varying loads. An interesting outcome will be also the possibility to adopt 
SSS in time-domain component-based TPA approaches. 

3.1 State-Space Substructuring 

 

Dynamic substructuring assumes that to characterize large and complex structures, one 
should consider them as an assembly of several components. Indeed, it was found that 
this characterization procedure provides some advantages to the user, for example:  
 

• It leads to a faster and simpler dynamic behaviour characterization; 

• It makes it possible to combine parts modelled by different project teams. 
 
In the last decades, the dynamic substructuring idea became very popular. This led to 
the development and further refinement of formulations in several domains, e.g. 
frequency, modal and time. In this document, we will focus our attention on the class of 
State-Space Substructuring (SSS) methods, which is a class of dynamic substructuring 
techniques formulated in time domain. One of the first developed SSS techniques was 
proposed by Su and Juang [1] (from now on labelled as “classical SSS”). To perform 
coupling, this method relies on the use of the state-space models of each substructure 
to construct a diagonal uncoupled acceleration state-space model (state-space model, 
whose output vector is composed by accelerations). Then, to enforce the compatibility 
and equilibrium conditions, a coupling matrix is used. In fact, this method showed to be 
capable of providing reliable coupling results and to make possible the coupling of an 
unlimited number of components at same time. However, it turned out that two different 
matrices must be inverted to compute the coupled state-space model and it is unable to 
compute minimal-order coupled state-space models. Hence, the coupled model will 
contain states whose physical meaning is the same. Those states are commonly 
denominated redundant. Even though the presence of redundant states does not affect 
the FRFs of the coupled state-space model [1], their presence increments the 
computational effort required to perform calculations with the coupled model and 
decreases its elegance.  
  

To mitigate the disadvantages of the classical SSS method, Dias et al. developed in [2] 
a novel technique named Lagrange Multiplier State-Space Substructruring (LM-SSS) 
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method. The presentation of this method and the explanation of how it tackles the 
disadvantages of classical SSS are the main aims of this report.  
 
This document will start by briefly presenting LM-SSS method in section 3.2. Then, in 
section 3.3 two post-processing procedures tailored to remove the redundant states from 
the computed coupled models by using LM-SSS are presented. Lastly, the conclusion of 
this document is presented in section 4. 
 

3.2 Lagrange Multiplier State-Space Substructuring: A novel SSS method 

 

Lagrange Multiplier State-Space Substructuring (LM-SSS) [2] was developed by using 
LM FBS method as main source of inspiration. 

 

When a pair of substructures is coupled, forces, which are opposite in direction and equal 
in intensity, will act at their interfaces (those forces are commonly labelled as connecting 
forces). Hence, by using the uncoupled state-space models of the substructures to be 
coupled and the mapping matrix presented in [3] (here denoted as [𝐵𝑀] to avoid 
confusion with the input state-space matrix), we may establish a diagonal coupled state-
space model as follows: 
 

{

{ẋα(t)}

{ẋβ(t)}

⋮

} = [

[Aα] [0] [0]

[0] [Aβ] [0]

[0] [0] ⋱

] {

{xα(t)}

{xβ(t)}

⋮

} + [

[Bα] [0] [0]

[0] [Bβ] [0]

[0] [0] ⋱

]({

{uα(t)}

{uβ(t)}

⋮

} − [BM]
T{λ(t)}) 

{

{ÿα(t)}

{y⃛β(t)}

⋮

} = [

[Cα] [0] [0]

[0] [Cβ] [0]

[0] [0] ⋱

] {

{xα(t)}

{xβ(t)}

⋮

} + [

[Dα] [0] [0]

[0] [Dβ] [0]

[0] [0] ⋱

]({

{uα(t)}

{uβ(t)}

⋮

} − [BM]
T{λ(t)}) 

 

(1) 

 

 

where {𝑥(𝑡)}  ∈  𝑅𝑛×1 represents the state vector, {𝑢(𝑡)}  ∈  𝑅𝑛𝑖×1 represents the input 

vector, whose elements are forces, and {�̈�(𝑡)}  ∈  𝑅𝑛𝑜×1  represents the acceleration 
output vector. The constants 𝑛, 𝑛𝑖 and 𝑛𝑜 denote the number of states, inputs, and 

outputs, respectively. (●̇) represents first order time derivate and subscripts α and β 

denote variables related to substructures 𝛼 and 𝛽, respectively. The vectors {𝑢𝛼(𝑡)} and 

{𝑢𝛽(𝑡)} are given below. 

 

The vector {𝜆(𝑡)}  ∈  𝑅𝑛𝑖×1 is composed by the Lagrange Multipliers, which are related to 
the connecting forces by the following equation [3]: 

where, vectors {𝑔𝛼
𝐽(𝑡)} and {𝑔𝛽

𝐽 (𝑡)} are composed by the connecting forces applied at 

the interface of substructures 𝛼 and 𝛽, respectively.  

 

{𝑢𝛼(𝑡)} = {
𝑢𝛼
𝐼 (𝑡)

𝑢𝛼
𝐽
(𝑡)
}                               {𝑢𝛽(𝑡)} = {

𝑢𝛽
𝐼 (𝑡)

𝑢𝛽
𝐽
(𝑡)
} 

 

(2) 

 

{
 
 

 
 

0

𝑔𝛼
𝐽(𝑡)
0

𝑔𝛽
𝐽 (𝑡)

⋮ }
 
 

 
 

= −[𝐵𝑀]
𝑇{𝜆(𝑡)} 

 

(3) 
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For an easier understanding of expression (1), we may rewrite it as follows: 

where, subscript 𝐷 denotes a block diagonal matrix.  

When coupled, the substructures must respect two basic conditions, compatibility and 
equilibrium. The compatibility condition states that at the interface, the substructures 
must present the same physical motion [1]. Hence, this condition can be expressed 
mathematically by the equation below. 

Since we are working with acceleration state-space models, the second derivative of 
equation (5) must be computed as follows. 

In its turn, the equilibrium condition states that at the interface the external applied forces 
must match the sum of the internal forces [1]. This condition can be imposed by forcing 
the substructures to obey the local equilibrium conditions given by the bottom equation 
of the state-space model presented in expression (4).  

At this point, by using equation (6) and the output equation of the state-space model 
given by expression (4), we may establish the following system of equations. 

By performing some mathematical manipulations with the system of equations (7), and 
dropping {●}, [●] and (𝑡) for ease of readability, one can arrive to the following 
expression. 

 

By using the upper equation of the system of equations (8), the state equation of the 
state-space model given by expression (4) can be rewritten as given below. 

From equation (9) and the bottom equation of the system of equations (8), we may 
establish the coupled state-space model as follows: 

{�̇�(𝑡)} = [𝐴𝐷]{𝑥(𝑡)} + [𝐵𝐷]({𝑢(𝑡)} − [𝐵𝑀]
𝑇{𝜆(𝑡)}) 

{�̈�(𝑡)} = [𝐶𝐷]{𝑥(𝑡)} + [𝐷𝐷]({𝑢(𝑡)} − [𝐵𝑀]
𝑇{𝜆(𝑡)}) 

 

(4) 

[𝐵𝑀]{𝑦(𝑡)} = {0} 

 

(5) 

 

[𝐵𝑀]{�̈�(𝑡)} = {0} 

 

(6) 

 

{
[𝐵𝑀]{�̈�(𝑡)} = {0}

{�̈�(𝑡)} = [𝐶𝐷]{𝑥(𝑡)} + [𝐷𝐷]({𝑢(𝑡)} − [𝐵𝑀]
𝑇{𝜆(𝑡)})

 

 

(7) 

 

{
𝜆 = (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1(𝐵𝑀𝐶𝐷𝑥 + 𝐵𝑀𝐷𝐷𝑢)

�̈� = (𝐶𝐷 − 𝐷𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐶𝐷)𝑥 + (𝐷𝐷 − 𝐷𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐷𝐷)𝑢
 

 

(8) 

 

�̇� = (𝐴𝐷 − 𝐵𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐶𝐷)𝑥 + (𝐵𝐷 − 𝐵𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐷𝐷)𝑢 

 

(9) 

 

{�̇�(𝑡)} = [�̅�]{𝑥(𝑡)} + [�̅�]{𝑢(𝑡)} 

{�̈�(𝑡)} = [𝐶̅]{𝑥(𝑡)} + [�̅�]{𝑢(𝑡)} 

 

(10) 
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where, over-lined variables represent variables of the coupled state-space model. The 

matrices [�̅�], [�̅�], [𝐶̅] and [�̅�] can be computed from the state-space matrices of the 
diagonal coupled state-space model (expression (4)) as given below. 

3.3 Minimal-Order Coupled State-Space Models 

 

By computing coupled state-space models by following expressions (11), one will obtain 
coupled models, which are composed by redundant states. To enable the computation 
of minimal-order coupled models by using LM-SSS technique, Dias et al. proposed in [2] 
two tailored post-processing procedures. In this section, we will briefly present these 
procedures and how they can be successfully implemented. 

 

The first proposed procedure relies on the use of a state Boolean localization matrix, 
similar to the one presented by de Klerk et al. in [4]. To compute this matrix, we must 
start by constructing a state mapping matrix (similar to [𝐵𝑀]) in accordance with the 
following equation: 

where, matrix [𝐵𝑇] is a signed Boolean matrix, here denominated as state mapping 
matrix. From matrix [𝐵𝑇], one can compute the state Boolean localization matrix, [𝐿𝑇], 
by following the equation below [4].  

The [𝐿𝑇] matrix establishes the relation between the state vector of the original coupled 
model (i.e. composed by redundant states) and the state vector of the minimal-order 
coupled model. Hence, we may formulate the following equation: 

where, {𝑧(𝑡)} represents the state vector of the minimal-order coupled state-space 
model. 

By using equation (14) and the Moore-Penrose pseudoinverse of matrix [𝐿𝑇], the minimal 
realization of a generic coupled state-space model can be computed as follows: 

where, superscript † represents the pseudoinverse of a matrix. 

Before moving into the second post-processing procedure, it is important to mention that 
the computation of the pseudoinverse of [𝐿𝑇] is computationally efficient. Since this 

[�̅�] = 𝐴𝐷 − 𝐵𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐶𝐷 

[�̅�] = 𝐵𝐷 − 𝐵𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐷𝐷 

[𝐶̅] = 𝐶𝐷 − 𝐷𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐶𝐷 

[�̅�] = 𝐷𝐷 − 𝐷𝐷𝐵𝑀
𝑇 (𝐵𝑀𝐷𝐷𝐵𝑀

𝑇 )−1𝐵𝑀𝐷𝐷 

 

(11) 

 

[𝐵𝑇]{𝑥(𝑡)} = {0} 

 

(12) 

 

[𝐿𝑇] = 𝑛𝑢𝑙𝑙([𝐵𝑇]) 

 

(13) 

 

{𝑥(𝑡)} = [𝐿𝑇]{𝑧(𝑡)} 

 
(14) 

{�̇�(𝑡)} = [𝐿𝑇]
†[�̅�][𝐿𝑇]{𝑧(𝑡)} + [𝐿𝑇]

†[�̅�]{𝑢(𝑡)} 

{�̈�(𝑡)} = [𝐶̅][𝐿𝑇]{𝑧(𝑡)} + [�̅�]{𝑢(𝑡)} 

 

(15) 
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matrix is Boolean, it will always be an orthogonal basis, hence the matrix to be inverted 

during the computation of [𝐿𝑇]
† will always be diagonal [5], [6], [2]. 

The second post-processing procedure presented in [2] aims at giving the possibility of 
performing a manual elimination of the redundant states. To perform such elimination, 
for each pair of redundant states, the user must follow the steps given below. 

1. Sum the columns of [�̅�] matrix that are being multiplied by the pair of redundant 

states in analyse, then perform the same for the columns of [𝐶̅] matrix; 

2. Eliminate the row and column of matrix [�̅�]  associated to one of those redundant 
states; 

3. Eliminate the same row and column of matrices [�̅�]  and [𝐶̅], respectively; 
4. Repeat the procedure for the first derivative of the analysed pair of redundant 

states.  
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4 Outlook and conclusions 

 
The LM-SSS method was found to be a promising technique, providing reliable coupled 
state-space models (as proven in [2]) and being capable of coupling an unlimited number 
of substructures. Besides the presented positive aspects, it also turned out to mitigate 
the disadvantages embedded in classical SSS. Indeed, on the one hand it was found 
that LM-SSS just requires the inversion of a single matrix to compute the coupled model 
(thus, being computationally efficient), on the other hand it revealed to be simpler to 
implement not demanding the partitioning of the state-space matrices in terms of internal 
and interface DOFs as required by classical SSS. Furthermore, when used together with 
the tailored post-processing procedures discussed in this document, LM-SSS is able to 
compute reliable minimal-order coupled state-space models [2]. 
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